2019 MAO National Convention Alpha Trig Solutions

1. C r=5cos®—8sin0®
r> =5rcos® — 8rsin ®
x?+y? =5x—8y
x?+5x+Z+y2 -8y +16 =2+ 16
89

(=) +o-92=7

(x —h)? + (v — k)? = radius?

. . 891
Area of a circle = m(radius)? = - (©
2. . [mx? nx? m . . . V6 4-+/6
C sin — ) = 1— - =7since =2 < x < 2 Which gives (x,y) = (£, £——)
(b)
3. D cos§ = b _ 245> <327> 49 _ 49310 %)
lallb]  1<2,4,5>|<3,2,7>| 3v/5%/62 930
4 B €0s25°c0s65°cos50°cos100°cos200° _ cos 25°sin 25° cos 65° cos 50° cos 100° cos 200°
sin 40° sin 40°sin 25° -
sin 50°c0s 65° c0os 50° cos 100°cos200°  €0s65°sin100° cos 100°cos 200°
2 sin 40°sin 25° 4sin4 °sin25°
€0s65°sin200°c0s200° _  co0s65°sin40° 1 (b)
8 sin 40° sin 25° "~ 16sin40°sin25° 16

5. C CalltanxzaandtanyZb.Thenwehave%+ %: 7—>%b=ab—>ab=6/7

tanx+tany _ a+b __ 42
1-tan(x)tan(y) " 1-ab

Then the tangent sum formula gives tan(x + y) =

(c)

6. B The following function factors to f(x) = (sin?(x) + cos?(x))(3 + cos?(x))
=3+ cos?(x)
Since the range of cos?(x) is [0,1[, the range of the functions is [3,4] (b)

7. A From the known fact that the inradius is the area over the semiperimeter we have
qrsinP _ q+r—p

p+q+r 2

This gives 2qrsin(P) = q* + r? + 2qr — p?

By law of cosines we haveq? + 2 + 2qrcos P = p? or q* + r? + 2qr — p% =
2qr(1 + cos P)

From this we have that sinP = 1 4+ cosP —sinP —cosP =1

Squaring gives 1 —sin2P =1

Solving gives 2P = /2 (A)

8. B If0 < x < m, then we know that sinx > 0 and x3 + x? + 4x > 0. Ifthe
domain is T < x < 2m, then clearly x> + x? + 4x > 2 since the terms will all
be positive. Thus there is no solution for x # 0. The only solution that is possible
is x = 0, so only 1 solution (b)
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9 A in(105°) = sin(60 + 45) = sin(60°) cos(45°) + sin(45°) cos(60°) = @:ﬁ
(a)
10. B A=cosZ-cos?ZE: cosZ
7 7 7

o . : : . 2 4
Multiplying both sides by smg we get sin g A =sin g cosg * COS 7” * COS 77T

. 2T 1 . =« T
Where sin— = =sin=cos-.
7 2 7 7 .

Using double-angle for the sin functions we’ll eventually get A = :;I:E = —% (b)

LA tan(arccos(sin(— %)) = tan (arccos (— %)) = tan ( ) —V3 (a)
12. D From the well-known fact sin(x — y) = sin(x) cos(y) — sin(y) cos(x)
we get x —y = sin~1(sin(x) cos(y) — sin(y) cos(x))

Vn—-1
Vn

Call sin(x) = \/% so then we know cos(x) = |1 —% =

Call cos(y) = 2 therefore sin(y) = [1---=—L

Thus, we have

. /= _
G AeT e ) = SR

x—y = sin

y = sin”

> 1sm‘l( \/_ ) Yo 1sm‘l(\/_) -y sm‘l(\/_) which telescopes

to answer sin”11 = - (d)
13. B By DeMoivre’s we have 22019 cis(2mk) Therefore our total sum is 2019. (b)
14. B t ° ° g9 sinn°cos1°+cosn°sin1° g9 sin(n°+1°)
: Z1(tann®cos 1° + sin1°) = Z =i i——=
sin 2°sin 3°sin4°...sin90° _ cos88°cos87°c0s 86°...cos 1°sin 90° sin 90° °
= = — = csc 1° (b)
cos 1°cos 2°cos 3°...cos 89° €0s 1°cos 2°cos 3°...cos 89° sin1°

15. E An odd function is defined as when

fx) = —f(x)

When testing this for all the functions, this satisfies for I, I, and IV (e)
This expression is equivalent to cos (x + 3?”) = sin x. Given the domain is in
quadrant IV, the value of sinx = —3/5 (c)

l16. C

17. A By product-to-sum we have
%(cos(ﬁs)+cos(60))—%(cos(112)+cos(60)) _ %(cos(68)—cos(112)) .

%(cos(112)+cos(30))—%(cos(68)+cos(3 0)) %(cos(llz)—cos(68))
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18. A Factoring the left hand side we get
(sin x + cos x) (sin®x — sinx cosx + cos?x)
= (sinx + cosx)(—sinx cos x + 1)
Moving everything in the equation to one side we get

1
(sinx + cosx)(—sinx cos x + 1) —E(sinx +cosx) =0

Factoring we get (sinx + cos x)(— sin x cosx + %) =0
We then have the equations
sinx + cosx = 0 and(— sin x cosx + l) = 0

Im 5
From the first equation we get the solutlons —,— and second we get =, 2=

4’ 4
The sum is therefore 41 (a)
19. B . By using our knowledge of the unit circle we have
cos 135° + sin7—n — cot300° — secllTn + + csc45° — tan%ﬂ = —g —% g —

—£+ﬁ41_—+£—£@)

20. D We can rewrite the expression as 9xsin x +

smx

Then by AM-GM, we have that 9xsin x + P
is 12 (d)

2l. B sin(x +y) = sinxcosy + cosxsiny = (S) (—%) + (—%) (—i) = —g. (b)

22. B _ 2w 4_7'[ 6_7'[ 8_7'[ 2018w

Let 5, = cos (2019) +cos (2019) +cos (2019) +cos (2019) o+ C0S ( 2019 ) and
s i —81 -2018

let S, = cos ( 019) + cos (2019) + cos (m) + cos (m) ot cos( 5019 )
Clearly, S; = S, since cosine is an odd function. Further, 1 + S; + S, is
equivalent to the real part of the sum of the 2019 roots of unity, which is 0.
Therefore, $; = S, = — % (b)

23. C .r =7(c0os?96 — sin?90) = 7 cos(180)

In r = a cos(nf) if n is an even number, the number of petals is 2n,

therefore the answer is 36 (¢)

24. C Let O be the airport, A be the point where Steve must turn to catch up to the
helicopter, and B be the point where he catches up to the helicopter. Then
0OA + AB = 4800, since Steve has 4 hours of fuel, and OB = 1200, as the
helicopter also would fly for 4 hours. As numbers are quite large, we will call
OB = a,0A = b, which makes AB = 4a — b. We need to solve for b.
20 = 120°. By law of cosine, we have a? + b? — 2ab cos 120° = (4a — b)?
Expanding, a® + b%? + ab = 16a? — 8ab + b?, or a®> + ab = 16a* — 8ab,
since a = 1200, a + b = 16a — 8b,and 9b = 15a,or b = 2(1200) = 2000.

25. D The sum telescopes to lim (tan™1(1) — tan™*(n + 1)) which clearly computes
n—-o0o
10

2

> 12. There for our minimum

26. C cos(cos(x + m)) = cos(— cos(x)) = cos(cos(x)) so the period is 7 (c)
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27. B . sinx = lim sinx — lim 1 _ l(b)
2

x—0 Sin 2x x—0 2cos X sinx x—0 2CO0SX

28. E x=nn,n€Z—-2<nn <19 —>%<n<$ -0<n<7

So we have 6 solutions. ()

29. C First find the period of both of the sin and cos functions, which are 5 and 2/5,

respectively. The period of the entire function will be the Icm of the two periods,
which is 2. (c)

sin 3x 3 sinx —4sin3(x) 3 —4sin?(x)
30. E tan3x = = =tanx - ———— = tanx -
cos3x 4cos3(x)—-3cosx 4co0s2(x)-3
. . sin?(x)
3(51112 (x)+cos? (x))—4sm2 (x) ) 3052 (x)—sin? (x) . " w020
= tanx - —/— = anx * ——s—<- =
4c052(x)-3(sin2(x)+cos2(x)) cos?(x)—-3sin?(x) _,5in?(x)
cos?(x)
3—tan?x 3ta tan3x
tanx - = (e)

1-3tan?x 1-3tan?x



