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1)

2)

3)

4)

5)

6)

7)

Find y(2) if y(x) is a positive function that satisfies the differential equation xy’ = y + 1 and
y(1) = 2018.

(A) 2018 (B) 4037
(C) 2020 (D) 4039 (E) NOTA

Which of the following relations satisfies the differential equation (x + y)y’' = x — y withy =
0Owhenx =17

(A) x2—-2xy—y?=1 (B) x2—x—y=0
(C) x2—=2xy—y?2—x*=0 (D) x2=2xy—y?—x=0 (E) NOTA

If y' +4x3y =x3andy = 2 whenx = 0, what is y when x = 1?

4e+7 4e+5
(A) " (B) "
e+7 e+5
@ D) = (E) NOTA

It y'+2y =y%y=2whenx=1,andy >0, whaty whenx = 3?

16 16

() B 3
423 4
(C) ETS (D) 3 (E) NOTA

Find y(2) if y(x) > 0 is the solution to the differential equation y’ = %and y(1) = 2019.
(A)  —2019 (B) 2017
(C) 2019 (D)  —2017 ()  NOTA

Given that M(x,y) + y sec(x) % = 0 is an exact differential equation, which of the following is

a possible value of M(x,y)?
(A) y In| sec(x) + tan(x)| (B) y?sec?(x)
() %yz sec(x) tan(x) + sec?(x) (D) %yz sec(x) (E) NOTA

Using the correct answer to Question 6, solve the exact equation in Question 6 given the
additional information that y = 0 when x = 0. Which of the following is a possible value of x

wheny =1?
A = B8
c = o) = ()  NOTA
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8) What is the general form of the solutionto y""" —y"" — 9y’ + 9y = 0? Assume y is a function
of x.

(A) y = Cie 3" + C,e* + C3e3*  (B) y = Cie™™ + C,e* + Cze3*

(C) y =Cie 3% + Ce™ + C3e3* (D) y = Cie % + Ce* (E) NOTA
9) What is the general form of the solution to y"" + 4y = 0? Assume y is a function of x.

(A) y = Cie % + C e?* (B) y = Cy cos(2x) + C, sin(2x)

(C) y = Cie " + Ce?* (D) y = C; cos(4x) + C, sin(4x) (E) NOTA

10) What is the general form of the solution to y'' + 4y’ + 4y = 0? Assume y is a function of x.

(A) y = Cie ?* + Cre™%* (B) y = Cie % + Cpx2
() y = Cie % + C,e?* (D) y =Cie % + Cyxe™%* (E) NOTA
11) Of the six functions listed below, which of the following sets of three will not result in a

Wronskian of zero?

l. y = sin?(2x) Il. y = cos?(2x) ll. y = sin(4x)
IV. y = sin(2x) V. y = cos(4x) VI, y =2
(A) I, 11, and VI (B) I, V, and VI
(C) I, 1V, and V (D) I, V,and VI (E) NOTA
12) A tank has pure water flowing into it at 12 liters per minute. The contents of the tank are kept

thoroughly mixed, and the contents flow out at 10 liters per minute. Initially, the tank contains
10 kg of salt in 100 liters of water. If the tank can hold at most 1,000 liters of water, what will
the amount of salt (in kg) in the tank be when the tank is full?

1 1

(A) 100,000 (B) 10,000
1
(C) T000 (D) Too (E) NOTA
13) A cat starts at the origin and runs with a speed of 2 along the positive y-axis in the positive

direction. A dog starts at the point (9,0) and runs with a speed of 4, always in the direction of
the instantaneous location of the cat. The graph of which of the following equations coincides
with the curve traced by the path of the dog?

3 3
(A)  y=-3Vx+;x:+6 () y=6Vx—;xz—15

3 3
© y=3x—ix2-2 (D) y=6x—;xz-—~ () NOTA
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In problems 14-16 below, assume that the general solution can be written as y = y; + y,, where y,
is the general solution to the homogenous version of linear equation and y,, is referred to as the
particular solution.

14) What is the particular solution of y""" — y"" — 9y’ — 9y = x2? Assume y is a function of x.

1 2 7 1 2 7
(A yp=gxf—5x g B)  yp=-gxt gty
=122, 16 _l,2_2,_7
€ wp=—gxTtox—g D) Y =gx —gx—o; (E)  NOTA

15) What is the particular solution of y" + 4y = cos(2x)? Assume y is a function of x.
1 1.
(A) Yp = 3% sin(2x) (B) Yp = Zsm(Zx)
(Q) Vp = %x cos(2x) (D) Vp = %cos(Zx) (E) NOTA

16) What is the particular solution of "' + 4y’ + 4y = /xe™2*? Assume y is a function of x.

9 5 . 9 I _ox
(A) ——Xx3e (B) ——Xx3e
28 28
9 5 _, 9 I _,
(C) —x3e % (D) —x3e "% (E) NOTA
28 28

17) Let y(x) = Xp—o anx™ be a solution to the differential equation y'' + xy = e* with y(0) =
y'(0) = 1. Which of the following is a recursion relation satisfied by the sequence of
coefficients {a,} forn > 0?

_ 1 an — 1__ an1
(A) n+2 = 7 (n+2)(n+1) (B) n+2 = 4 (n+2)(n+1)
1 an 1 an—1

(C)  apsz= (D) ansz= (E)  NOTA

(n+2)!  (n+2)(n+1) (n+2)!  (n+2)(n+1)

18) Consider the series solution to y" + xy = e* with y(0) = y'(0) = 1 as described in Question
17 above. Find ay + a; +a, + a3 + a4 + as.

a = B =
© = o = () NOTA

19) Let y(x) = Yo a,x™ be a solution to the differential equation (x? — 2x + 2)y"” + xy = 0
with y(0) = y'(0) = 1. Find the radius of convergence of this series.

(A) 1 (B) V2

(C) 2 (D) 0 (E) NOTA
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1 0 -1
20) What are the eigenvalues of [ 2 0 1 ] ?

-4 0 1
(C) {1,0,3} (D) {-1,0,-3} (E) NOTA

1 0 -1
21) What are the eigenvectors of [ 2 0 1 ] ?
0

—4 1
[17 [0]1 [ 1 [171 [0]1 [ 1
OB B
121 101 L-2 121 101 L-2
[ 1 01 11 [ 1 01 11
© _4H1 [ 0 ] o) _4H1 [ s ] ©  Nora
| 2 0l L-2 | 2 01 L-2

22) If x(t), y(t), and z(t) are continuous differentiable functions satisfying the equations

y =2x+z

[ x'=x—-z
z'=—4x +z

x(t)
then what is the most general solution vector ly(t)‘?
z(t)

ciet + cze 3t cie”t + czedt
(A) C2 (B) cy
2¢, et — 2¢3e73 2¢,e7t — 2¢3e3 ]
3t 1 3t 1

[ ciet + cze” [ cie”t + cze
(C) —4ciet + ¢, (D) —4cie”t + ¢, (E) NOTA

2c,et — 2c3e73¢ | 2c,e7t

3t
— 2cze>t)

23) Assume that a solution of the initial value problem 3" = x + y — >, »(0) = =1, '(0) = 1

y(O)x+y (0)x2+y (O)x3+...
It 2! 3!

exists and has the form y = y(0) +

What is the sum of the first five coefficients of this Taylor expansion?
A) -1 B) 1/2

C) -2/3 D) 4/3 E) NOTA
24) What is the general form of the solution to y’ = 2x + %?
(A y=x*- (B) y=x%+In(x)

(C) y=2—-= (D) y =2+ In(x) (E) NOTA
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The Laplace Transform is extremely important in the study of differential equations. The Laplace
transform of a function f(t) is defined to be F(s) = L{f(t)} = fooo e Stf(t)dt.

25) Let f(t) be a continuous, twice-differentiable function that does not grow faster than every
exponential function. Find L{e% f(t)} in terms of L{f (t)} = F(s).

(A)  F(s—a) () F(a—ys)
F(s—a) F(a-s)
(C) P (D) Tars (E) NOTA
(0 t<a . . . . .

26) Letu(t —a) = {1 ' a Let f(t) be a continuous, twice-differentiable function that does not

grow faster than every exponential function. Find L{u(t — a)f(t — a)} in terms of L{f(t)} =

F(s).

(A) e @ F(s) (B) e®F(s)

(C) e ¥F(s+a) (D) e¥F(s+a) (E) NOTA
27) Let f(t) be a continuous, twice-differentiable function that does not grow faster than every

exponential function. Further, let £(0) = f, and f'(0) = f;. Find L{f"'(t)} in terms of these
constants and L{f (t)} = F(s).

(A) S?F(s) = sfo+ fi (B) S?F(s) +sfo+ fi
(€ SF(s)—sfo—fu (D)  —s*F(s)+sfo+fi (E)  NOTA
28) Evaluate: L{t™} for any non-negative integer n and any s > 0.
(n-1)! (n—-1)!
(A) e (B) )
n! n!
(C) = D) o (E) NOTA
29) Let f(t) be a continuous, twice-differentiable function that does not grow faster than every

exponential function. Find £ {fotf(x)dx} interms of L{f (t)} = F(s).

F(s)
(A) F(F()) (B) —~
(€ sF(s) o) 2 () NOTA
30) Find a second order linear differential equation with constant coefficients for which the

following are solutions: yi(t) = e, y(t) = et
Ay -y -2y=0 B) y +y —2y=0

Q) y'+2y —=3y=0 D)y —y +2y=0 E) NOTA



