2019 MAO National Convention Mu Indiv Solutions

1) Find f'(3) if f(x) = x cos(2x)
(A) cos(3) + 3sin(3) (B) cos(6) — 3 sin(6)
(Q) cos(6) — 6 sin(6) (D) cos(6) + 6 sin(6) (E) NOTA

Solution: f'(x) = cos(2x) — 2xsin(2x) — f'(3) = cos(6) — 6 sin(6). C.

2) Find the slope of the line normal to f(x) = e?* at x = In(2).
1
(A) 4 B -1
€ 8 (D) —% () NOTA

Solution: f'(x) = 2e%* = f'(In(2)) = 2e2"@ = 8. So the slope of the normal line is —%. D.

. d [sin(mx)+1
3) Fmda[ x2+4 ]|x:1
b 2 b 2
A 5t AT
T 2 T 2
© F- I ()  NOTA
. d [sin(mx)+1 _ [(x2+4)(m cos(mx)) —2x(sin(mx) +1) _-5n-2 _ w2
Solution: o [—x2+4 ]|x=1 = [ (x2+4)? ]|x:1 R
3_na2_
4) Find lim 9633’;—“3
x—3 x3+x2%2-9x-9
1 1
© -3 o 2 () NOTA
s ®3-3x%x43 L x(x?-1)-3(x*-1) L (- D=1 e (x-1) 1
Solution: }Cl_rg x34x2-9x-9  x53 x2(x+1)-9(x+1)  x—3 x-3)(x+3)(x+1)  x53 (x+3) 3 A.
5) Find the equation of the tangent line to the curve x> — xy? + 2y* = 8 at the point (2,1).
11 9 11 9
(A)  y=—gx+s (B)  y=—x—3
11 13 11 13
(C) y——:x+7 (D) y—:x—; (E) NOTA
.3 2 4 _ 2.2 dy 3dy _ d_y_—3x2+y2_ -3()+1
Solution: x° —xy“ + 2y* =8 - 3x° —y° — 2xy = 8y ol 0- i~ 5y zxy B2

—%. So the equation of the tangent lineisy — 1 = —%(x —2)-y= —%x + ; C.
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6) Approximate the area between the curve y = x3 + 1 and the x-axis from x = 1 to x = 3 using
the Trapezoidal Rule with four intervals of equal width.

(A) 16 (B) 475

(C) 29 (D) 45 (E) NOTA

Solution: The easiest way is to average the Left- and Right-handed Riemann sums: y(1) =2,y G) =
37'5, y(2) =9,y (g) = %, and y(3) = 28. The width of each interval is %, so the final result is

1(1 35 133 1/35 133 _4_5
E(E(Z+?+9+T)+E(E+9+?+28))— 7 B.

7) Evaluate: flz (x3 + x—lz) dx
w2 ) 2
() % (D) 2 () NOTA

ion: [2(x*+ ) dx =[xt -2 =41 1y=V
Solution: | (x +x2) dx = [4x ]1 =4--—-+1=—_.C
8) Find f_33\/9 — x2dx
9
(A) o (B) P
9 9
© 2 (o) 2w () NOTA

Solution: This is the area of half a circle of radius 3, which is gn. B.

9) Evaluate: folxzf;;rsdx
N N
(C) 1n(‘/2—§) (D) 1n(%§) () NOTA

. 1 x-1 1 4d 1 4 2v5
Solution: | x2f2x+5 dx =2 7u =-(n(4) —In(5)) = In <\/;> =1In (T) A.

10)  Evaluate: ff;dx

x2-2x+5
w Z B8 3
©© = o = (E)  NOTA
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1

. ) 3 _ 3 _ x—1 _ E
Solution: [, —oasdx = J; = 1)2+4dx [2 arctan( - )]1 =5 C

11)  Evaluate: fol;dx

x2-2x-3
In(3) In(3)
A= () 2
© _@ o -=2 ()} NOTA
_ 1 1 1(1/4 1/4 1
Solution: f x2—2x—3 dx = fO (x—3)(x+1) dx = fO (E — m) dx = Z[lnlx — 3| _ lnlx + 1|]é —
;(ln(Z) —1n(2) —In(3) +In(1)) = _ﬁ, D.
. . n k

12)  Find lim (Zk:l—k2+n2)'

(A)  In(2) ® i@

© In (g) (D) %ln (g) (E) NOTA

3|?¢‘

N

. . k . 1 x
Solution: lim (22:1m) = lim (Zk 17 ) = [y =7 dx =5In(2). B.

")

13) Find lim (V3x2 — 2x + 5 —V3x% — 7x + 11)
X—00

5v3
(A) e (B) 3
s R

(E) NOTA
6 3

(€)

(3x2—2x+5)—(3x? —7x+11) _

Solution: lim (V3x2 —2x + 5 —V3x%2 — 7x + 11) = lim

X—00 x—00 V3x2—2x+5+V3x2-7x+11
- RN N
X—00 x(\/3—2/x+5/x2+\/3—7/x+11/x2) T 23 6
14)  Find < [x*]
dx '
(A) x* (B) x*In(x)
(@) x*(n(x) + 1) (D) x*(n(x) — 1) (E) NOTA

Solution: x* =y - xIn(x) =In(y) » In(x) +1 = y7, -y =x*(n(x) +1). C.

15) The functions f(x) = x? + 1 and g(x) = —x? share a common tangent line of positive slope.

What is its equation?
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A y=Lx+1 B y=Lx+l
2 2 2
€ y=vV2x+1 (0)  y=vZx+; () NOTA
2 2
Solution: We are looking for points (x1,x;2 + 1) and (x5, —x,2) such that 2x; = —2x, = %
1742
2
The first equality implies x; = —x, so plugging that into the final term yields 2x; = 204, 2x% =

1-x = \/; Therefore the slope is 2x; = v/2 and one of the points is (g,g) So the equation of the

tangentlineisy—§=\/§(x—‘/2—i)—>y:\/§x+%_ D.

16) Find the range of f(x) = =

x6+1°
56 58 L
(A) [—;,;] (8)  [-555
5¢ 58 5 s
(C) [— = ;] () |-565¢] (E)  NOTA
— _x / _ (x%+1)()-x(6x%) _ —5x°+1 _ .61 _ ., 561
Solution: f(x) = -/ (x) = D = Gz = Xmax = g f Cmax) = t- o=
5 5 5
+3 5 the range is [—2,2]. C.
6 6’6

17) Evaluate: ff e*(cos(x?) — 2x sin(x?))dx

(A  —eVm—1 (B) eVm—1
€ —eVm+1 (D) V™41 ()  NOTA
Solution: foﬁ e*(cos(x?) — 2x sin(x?))dx = ff:—x [e* cos(x?)]dx = —eV™ — 1. A.

18) Evaluate: fon/3 sec(x) tan(x) - In|sec(x) + tan(x)| dx
(A)  2In|2+V3|+V3 ()  2In|2 + V3|

(€  2In|2++V3|-V3 (D) V3In|2+ 3| (E)  NOTA

Solution: Use integration by parts with u = In|sec(x) + tan(x)| = du = sec(x) dx and dv =
sec(x) tan(x) dx - v = sec(x). Then fon/g sec(x) tan(x) In|sec(x) + tan(x)| dx = [sec(x) In|sec(x) +

tan(x)l]g/3 - fog sec?(x) dx = [sec(x) In|sec(x) + tan(x)| — tan(x)]% =2In|2 +3|-V3. C.



2019 MAO National Convention Mu Indiv Solutions

19) From the top of a tree 30 meters tall, a monkey is pulling up a bundle of bananas attached to a
rope. The bundle of bananas has a weight of 20 Newtons, and the rope has a linear density of 6
Newtons per meter. How much work (in Newton-meters) does the monkey do when pulling the
bundle of bananas to the top of the tree?

(A) 600 (B) 780
(C) 3,300 (D) 6,000 (E) NOTA

Solution: Let x be the height of the bananas from the ground. Then, to move a small height dx will

result in an amount of work dW = 20dx + 6xdx -» W = f030(20 + 6x)dx = [20x + 3x2]3° = 600 +
2700 = 3300. C.

20) For which of the following functions is the average rate of change of the function equal to the
average value of the function over any real interval?

(A)  f(x)=2019 (B)  f(x) =sin(x)
(@  fl)=x? (D) f(x)=e* (E)  NOTA
Solution: % = ﬁf:f(x)dx - f(b) — f(a) = F(b) — F(a) for any interval (a, b). This s

clearly true for all intervals only if a function is its own antiderivative. D.

21) Consider the region between f(x) = x” (r = 1) and the x-axis from x = 0 to x = a. If, for any
real value of a, the y-coordinate of the centroid of this region is equal to the average value of
f (x) over the interval (0, a), then what is r?

(A) 1-+2 (B) 1

(C) 1++2 (D) 2 (E) NOTA

2r+1
a
2r+1 _

2
a(x") 1
J dx 1/ 1 1
0o 2 N _( ar+1) — _er{1
r+1 2 LIar
-

r+1)?%=4r+2-1r*’4+2r+1=4r+2-r>-2r-1=0-r=1++/2. Only1++v2 > 1. C.

_)(L)ZMZ 1

. 1a
Solution: = [ " x"dx =
a”0 r+1 a 4r+2

B foa xTdx a

. d2019 3 2
22) Fmdm[x cos(x )]|x:0
2019! 2019!
() 1008! (B) 1009!
2018! 2018!
(C) 1008! (D) 1009! (E) NOTA

(_l)n(XZ)Zn _ Z°° (=1)x4n+3
n)  “n=0 (op)
(k) k (2019) 2019 _1)N,4N+3
[ @x . Therefore we can setf (0)x =™
k! 2019! (2n)!

Solution: The Maclaurin series of x3 cos(x?) is x3 Y50 . Ingeneral, a
n=0

Maclaurin series is of the form Y,

which
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f(2019)(0)x2019 (_1)504x2019

2019! 1008!

N f(2019)(0) — 2019!

occurs when 4n + 3 = 2019 » n = 504. Therefore 1008!"

A.

23) The finite region in the first quadrant bounded by the x- and y-axes and the curve y = 72 — x2
is divided into two regions of equal area by the curve y = ax?. Assume r is a non-zero real
constant. Find a.

(A) 2 () 3

(Q) 4 (D) 5 (E) NOTA

r
Solution: The total area of the region described is for(r2 —x%)dx = [rzx - §x3] = §r3. The two
0

; 2 _ .2 _ .2 2 _ 2 —_T :
curves intersect when ax® =r* —x* - (a + 1)x reox = So we want to find a such that
T T r
Vari(,2 _ 22 _ a2 Va¥io,.2 _ 2 _l2, 1 3|Vart _ _1°

fo (r2 —x%?—ax )dx—>f0 r?—(a+Dx )dx—[rx -(a+1x ]o ==

1 r3 2 13 1

=(a+1) == =-r’ >+va+1=2-a=3.B.

3 (a+1)§ 3va+ri 3
x 1 0

24) Consider a matrix of the form y2 y 5] with non-negative entries and a determinant of 12.
x 1 y

What is the maximum possible trace of such a matrix?

(A) 1 (B) 3
Q 6 D) 9 ()  NOTA
'x 1 0
Solution: det|y* y 5 =xy2+5x—5x—y3=(x—y)y2=12—>x=1—§+y. LetT =
lx 1 y Y
x 1 0
tr|y> v 5 :2y+x=2y+%+y=3y+%—>T’=3—%:0—’3’3=8—>y=2—>T=9-
x 1 yl

D.

dx
cosh(x)+ksin (x)+1

25)  Evaluate for k > 0: fooo

(A) %ln(k) (B) %ln(k+1)
(C) ﬁln(k) (D) ﬁln(k+1) () NOTA

Solution: There are multiple ways to do this integral, but one of the most direct is to use the equivalent

of the tangent half-angle approximation t = tanh (g) Because tanh(if) = i tan(@), this results in the

2t 1+t2
— cosh(x) = PpveT and dx =

t2 terms changing signs from the standard substitution: sinh(x) = T



2019 MAO National Convention Mu Indiv Solutions

2dt

2d o dx 1 s 1 2d 1 dt 1 1
—. So 1=t = = = [—ln kt+1 ] =
1—t2 fO cosh(x)+k sinh(x)+1 fO 1+tz+k 2t +1 fo 1+t242kt+1—-t2 fo kt+1 k ( + ) 0

1-t

%ln(k +1). B.

26) Let f(x) be a continuous, differentiable function such that, for any real a = 0,

o _ _ o £(x)
Ji e Pf(x)dx = ——. Fin J; —dx.

Az (8)

NE!

(C) (D) — (E) NOTA

6

Solution: Let I(a) —f e @ f(x) dx. ThenI'(a) = —flooe‘a"f(x)dx =

a
da =~ [ hda = "fuz+1

—arctan(u) =C — —arctan(a3). Note also that lim I(a) = lim flooe_a %d
a—oo a—oo

statement of the question. Therefore I(a) = — [

x = 0. Therefore 0 =

lim (C — —arctan(a3)) =C —% -»C= g. Thus, I(a) = % — %arctan(a3). The desired integral is

a—oo

10) = [ = ¢,

27)  Which of the following is equivalent to / d [x2019]?
dl d [x2019] |
al ——4 (2019
\ (d(%[xz‘”"])[ ]> )
(A) 2019x2018 (B) 2019x1009
2019 2019
()  xz (D)  V2x 2 (E) NOTA

[x2919]. Then we have % [x2019] = u(x) - 2019x2°182—z =

d [x2019]

a d(%[xzow])

u(x) - 2019x2°18 = y(x) d—u. Since u(x) = 2019x2°18% it is clear that u(0) = 0, so 2019x2018 =

Solution: Letu(x) = (

2019
u(x) x2019 = u s u(x) =vV2x 2 .

28) Let f(x), g(x), and h(x) be continuously differentiable functions with the following properties:

f'e) = fx) + g(x) + h(x)
9'(x) = f(x) = 2h(x)
h'(x) = 2f(x) — g(x) + h(x)

Further, f(0) = 0, g(0) = 3, and h(0) = —1. Find f(In(2)).
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15 7
(A) R (B) E
15 7
€ < 0 5 (E}  NOTA

Solution: f'(xX)=f(x)+gx)+h(x) > ") =f"(xX)+9g'x)+h' (x)=f(x)+gkx)+h(x)+
f(x) = 2h(x) + 2f(x) — g(x) + h(x) = 4f (x). So f"(x) = 4f (x) = f(x) = C;e** + Cre ™%
F(0)=C, +C, =0and f'(x) = 2C,e?* — 2C,e~2* > f'(0) = 2C, —2C, =0+ 3 — 1 = 2. The

solutionto C; + C, =0and C; — C, = 1is €y = %and C, = —%. So f(x) = %ezx —%e‘zx -
=1p2ln(@ _1,2m@) 1y 1\ oo _1_15
fn(2) =2e e =-@-3(3)=2-:=2c
29) The point P begins at the origin and moves in the Cartesian plane along the line y = %x such
that the x-cordinate of P is changing at a rate of +3 units per second. Consider the area
enclosed by the locus of all points that are exactly % as far away from the point P as they are

from the line y = —2x. At what rate is this area changing when P = (8,4)?

(n) 2T () I
(©) —9”2‘/5 (D) —9”4‘/5 () NOTA
Solution: The locus describes an ellipse with eccentricity § with focus P = (p, q) and directrix y = —2x.

The vertex will be along the line y = 7% which intersects the directrix at the origin. In general, the

point that is é the distance from (0,0) to (p, q) is (%p,%q). This is the location of one of the vertices.

3—q) is Jpita®

The distance from (p, q) to (%, = a — ¢ where a is the length of the semi-major axis and

4 4
¢ = Va? — b? is the focal distance, with b the length of the semi-minor axis. We also know that e =
[n2 2 [n2 2

§=§. Therefore ¢ =§a—>pT+q=a—§a=§a—>a=”%and c?=a?-b? —>;a2 =a?-
b? - b% = gaz b= %Ea = ﬂ._3 p:“qz = E p? + q?. Thusthe areais A = mab = n—3'p;+q2 :
\/TE p?+q® = 3n\/—(p + q?). Thus 3Zf(p@+ q ) Slnce =3andq = —p then— %
and therefore % = 3m/— (Sp += q) 3m/— —(24+6) = 4571\/— E.

o 3\
30) Find rlll—{go (1 + ;)

(A) e’ B)  e°

(C) e3 (D) e>/3 (E) NOTA

nt 5n
Solution: lim (1 + 1) =e" so lim (1 + 3) =el5 A
n—oo n n

n—oo



