
#0 Mu Bowl 
MA National Convention 2019 

#0 Alpha Ciphering  
Let 
 

 

𝐴 = lim
௫→଴

ቆ
𝑥 − 𝑥ଷ

𝑥ଶ + 2𝑥
ቇ 

 

𝐵 = lim
௫→ஶ

൬1 −
5

𝑥
൰

ଷ௫

 

 

𝐶 = lim
௫→ஶ

ቆ
3𝑥ଶ + 𝑥 − 1

2𝑥ଶ − 𝑥ଷ + 7
ቇ 

 

𝐷 = lim
௫→ஶ

ቀඥ𝑥ଶ + 2𝑥 − ඥ𝑥ଶ − 𝑥ቁ 

 

Find  
஺஽

஻ା஼
. 

 

#0 Mu Bowl 
MANational Convention 2019 

#0 Alpha Ciphering  
Solution:   
 

𝐴 = lim
௫→଴

ቀ
௫ି௫య

௫మାଶ௫
ቁ = lim

௫→଴
ቀ

௫൫ଵି௫మ൯

௫(௫ାଶ)
ቁ =

ଵ

ଶ
      𝐵 = lim

௫→ஶ
ቀ1 −

ହ

௫
ቁ

ଷ௫

= 𝑒ିଵହ  

 

𝐶 = lim
௫→ஶ

ቀ
ଷ௫మା௫ିଵ

ଶ௫మି௫యା଻
ቁ = 0      𝐷 = lim

௫→ஶ
൫√𝑥ଶ + 2𝑥 − √𝑥ଶ − 𝑥൯ = lim

௫→ஶ
൬

√௫మାଶ௫ା√௫మି௫

(௫మାଶ௫)ି(௫మି௫)
൰ =

ଶ

ଷ
 

 
஺஽

஻ା஼
=

ቀ
భ

మ
ቁቀ

మ

య
ቁ

଴ା௘షభఱ
=

௘భఱ

ଷ
. 

 



#1 Mu Bowl 
MA National Convention 2019 

#0 Alpha Ciphering  
Let 
 

𝐴 =
𝑑

𝑑𝑥
[𝑒ି௫ cos(𝑥ଶ)]|௫ୀ଴ 

 

𝐵 =
𝑑

𝑑𝑥
[𝑥(𝑥ଶ + 1)ଶ(𝑥ଷ + 2)ଷ]|௫ୀଵ 

 
 

𝐶 =
𝑑

𝑑𝑥
ൣ(𝑥 + 1)௫యିଵ൧ห

௫ୀଵ
 

 

 

𝐷 =
𝑑

𝑑𝑥
ቈ

tanଶ(𝑥)

𝑥 + sin(𝑥) + 1
቉ቤ

௫ୀ଴

 

Find 𝐴 + 𝐵 + 𝐶 + 𝐷. 

 

#1 Mu Bowl 
MANational Convention 2019 

#0 Alpha Ciphering  
Solution:   
 
𝐴 =

ௗ

ௗ௫
[𝑒ି௫ cos(𝑥ଶ)]|௫ୀ଴ = [𝑒ି௫(−2𝑥 sin(𝑥ଶ)) − 𝑒ି௫ cos(𝑥ଶ)]௫ୀ଴ = −1  

 

𝐵:  𝑦 = 𝑥(𝑥ଶ + 1)ଶ(𝑥ଷ + 2)ଷ → ln(𝑦) = ln(𝑥) + 2 ln(𝑥ଶ + 1) + 3 ln(𝑥ଷ + 2) → 𝑦ᇱ = 𝑦 ∗ ቀ
ଵ

௫
+

ସ௫

௫మାଵ 
+

ଽ௫మ

௫యାଶ
ቁ → 𝑦ᇱ(1) = 𝑦(1) ∗ ቀ1 +

ସ

ଶ
+

ଽ

ଷ
ቁ = 1 ∗ 2ଶ ∗ 3ଷ ∗ (1 + 2 + 3) = 648 

 

𝐶:  𝑦 = (𝑥 + 1)௫యିଵ → ln(𝑦) = (𝑥ଷ − 1) ln(𝑥 + 1) → 𝑦ᇱ = 𝑦 ∗ ቀ
௫యିଵ

௫ାଵ
+ 3𝑥ଶ ln(𝑥 + 1)ቁ → 𝑦ᇱ(1) = 1 ∗

(0 + 3 ln(2)) = 3 ln(2). 
 

𝐷 =
ௗ

ௗ௫
ቂ

୲ୟ୬మ(௫)

௫ାୱ୧୬(௫)ାଵ
ቃቚ

௫ୀ଴
= ቂ

(௫ାୱ୧୬(௫)ାଵ)൫ଶ ୲ୟ (௫) ୱୣୡమ(௫)൯ି୲ୟ୬మ(௫)(ଵାୡ୭ୱ(௫))

(௫ାୱ୧୬(௫)ାଵ)మ
ቃ

௫ୀ଴
= 0 . 

 
𝐴 + 𝐵 + 𝐶 + 𝐷 = 647 + 3 ln(2). 



#2 Mu Bowl 
MA National Convention 2019 

#0 Alpha Ciphering  
Let 

𝑓(𝑥) =
1 − 𝑥ଶ

𝑎
 

 
𝑔(𝑥) = 𝑎(𝑥ଶ − 1) 

 
 
for a positive real constant 𝑎.   
 
Find the minimum possible area of the finite region bounded by 𝑓(𝑥) and 𝑔(𝑥). 
 
 

 

#2 Mu Bowl 
MANational Convention 2019 

#0 Alpha Ciphering  
Solution:   
 

The area is 2 ∫
ଵି௫మ

௔

ଵ

଴
− 𝑎(𝑥ଶ − 1) 𝑑𝑥 = 2 ∫ ቀ𝑎 +

ଵ

௔
ቁ − ቀ𝑎 +

ଵ

௔
ቁ 𝑥ଶ 𝑑𝑥

ଵ

଴
= 2 ቀ𝑎 +

ଵ

௔
ቁ ቂ𝑥 −

ଵ

ଷ
𝑥ଷቃ

଴

ଵ

=
ସ

ଷ
ቀ𝑎 +

ଵ

௔
ቁ.  

So then 𝑅(𝑎) = 𝑎 +
ଵ

௔
→ 𝑅ᇱ = 1 −

ଵ

௔మ
= 0 → 𝑎 = 1 → the minimum area is 

଼

ଷ
. 



#3 Mu Bowl 
MA National Convention 2019 

#0 Alpha Ciphering  
Let 

 

𝐴 = lim
௡→ஶ

෍
1

𝑘 + 𝑛

௡

௞ୀଵ

 

 

 

𝐵 = lim
௡→ஶ

ෑ ൬1 +
𝑘

𝑛
൰

ଶ
௡

௡

௞ୀଵ

 

 

𝐶 = lim
௫→଴

4 arctan(1 + 𝑥) − 𝜋

𝑥
 

 
 

 

𝐷 = lim
௫→଴

arctan(𝑥) − 𝑥

𝑥ଷ
 

Find 𝐴 + ln(𝐵) + 𝐶 + 𝐷. 

 

#3 Mu Bowl 
MANational Convention 2019 

#0 Alpha Ciphering  
Solution:   
 
𝐴 = lim

௡→ஶ
∑

ଵ

௞ା௡

௡
௞ୀଵ = lim

௡→ஶ
∑

ଵ

௡

௡
௞ୀଵ

ଵ
ೖ

೙
ାଵ

= ∫
ଵ

௫
𝑑𝑥

ଶ

ଵ
= ln (2). 

𝐵 = lim
௡→ஶ

∏ ቀ1 +
௞

௡
ቁ

మ

೙௡
௞ୀଵ → ln(𝐵) = 2 lim

௡→ஶ
∑

ଵ

௡
ln ቀ1 +

௞

௡
ቁ௡

௞ୀଵ = 2 ∫ ln(𝑥) 𝑑𝑥
ଶ

ଵ
= 2[𝑥 ln(𝑥) − 𝑥]ଵ

ଶ =

4 ln(2) − 2. 

𝐶 = lim
௫→଴

ସ ୟ୰ୡ୲ୟ୬(ଵା௫)ିగ

௫
= 4 lim

௫→଴

ୟ୰ୡ୲ୟ୬(ଵା௫)ି
ഏ

ర

௫
= 4

ௗ

ௗ௫
[arctan(𝑡)]௧ୀଵ =

ସ

ଶ
= 2. 

 

𝐷 = lim
௫→଴

ୟ୰ୡ୲ୟ୬(௫)ି௫

௫య
= lim

௫→଴

൬௫ି
ೣయ

య
ା

ೣఱ

ఱ
ି⋯ ൰ି௫

௫య
= −

ଵ

ଷ
. 

 
So 𝐴 + ln(𝐵) + 𝐶 + 𝐷 = 5 ln(2) −

ଵ

ଷ
. 

 
 
 
 



#4 Mu Bowl 
MA National Convention 2019 

#0 Alpha Ciphering  
Let 

𝑓(𝑥) = 𝑥௫ା௫ೣశೣೣశೣ⋰

 
 

𝑔(𝑥) = ඨ4𝑥ଶ + ට4𝑥ଶ + ඥ4𝑥ଶ + ⋯ 

 
If 

 

𝐴 =
𝑑

𝑑𝑥
[𝑓(𝑥)]௫ୀଵ 

 

 

𝐵 =
𝑑

𝑑𝑥
[𝑔(𝑥)]௫ୀଵ 

 
 

𝐶 = න(ln(𝑓(𝑥)) − 𝑓(𝑥) ln(𝑥)) 𝑑𝑥

ଶ

ଵ

 

 

 

𝐷 = න 𝑥 𝑔(𝑥) 𝑑𝑥

ଵ

଴

 

 
Find 𝐴 + 17𝐵 + 4𝐶 + 96𝐷. 

 

#4 Mu Bowl 
MANational Convention 2019 

#0 Alpha Ciphering  
Solution:   
 

𝑓(𝑥) = 𝑥௫ା௫ೣశೣೣశೣ⋰

→ 𝑓 = 𝑥௫ା௙ → ln(𝑓) = (𝑥 + 𝑓) ln(𝑥) → ln(𝑓) − 𝑓 ln(𝑥) = 𝑥 ln(𝑥).  Therefore 
௙ᇲ

௙
−

𝑓ᇱ ln(𝑥) −
௙

௫
= ln(𝑥) + 1 → 𝑓ᇱ(𝑥) =

୪୬(௫)ାଵା
೑

ೣ
భ

೑
ି୪୬(௫)

→ 𝑓ᇱ(1) = 𝐴 =
଴ାଵା௙(ଵ)

భ

೑(భ)
ି଴

= 2.  Further, from above,  

𝐶 = න(ln(𝑓) − 𝑓 ln(𝑥)) 𝑑𝑥

ଶ

ଵ

= න 𝑥 ln(𝑥)  𝑑𝑥

ଶ

ଵ

= ൤
1

2
𝑥ଶ ln(𝑥)൨

ଵ

ଶ

− න
1

2
𝑥 𝑑𝑥

ଶ

ଵ

= 2 ln(2) − ൤
1

4
𝑥ଶ൨

ଵ

ଶ

= 2 ln(2) −
3

4
 

𝑔(𝑥) = ට4𝑥ଶ + ඥ4𝑥ଶ + √4𝑥ଶ + ⋯ → 𝑔ଶ = 4𝑥ଶ + 𝑔 → 𝑔ଶ − 𝑔 − 4𝑥ଶ = 0 → 𝑔 =
ଵା√ଵାଵ଺௫మ

ଶ
→ 𝑔ᇱ =

଼௫

√ଵାଵ଺௫మ
→ 𝑔ᇱ(1) = 𝐵 =

଼

√ଵ଻
.  Also 𝐷 = ∫ 𝑥 𝑔(𝑥) 𝑑𝑥

ଵ

଴
= ∫

ଵ

ଶ
𝑥 +

௫

ଶ
√1 + 16𝑥ଶ 𝑑𝑥

ଵ

଴
= ቂ

ଵ

ସ
𝑥ଶ +

ଵ

଺ସ

ଶ

ଷ
(1 +

16𝑥ଶ)
య

మቃ
଴

ଵ

=
ଵ

ସ
+

ଵ଻√ଵ଻

ଽ଺
−

ଵ

ଽ଺
=

ଶଷାଵ଻√ଵ଻

ଽ଺
. 

 
So, 𝐴 + 17𝐵 + 4𝐶 + 96𝐷 = 2 + 8√17 + 8 ln(2) − 3 + 23 + 17√17 = 22 + 8 ln(2) + 25√17 



#5 Mu Bowl 
MA National Convention 2019 

#0 Alpha Ciphering  
Let 

 

𝐴 = න ൬𝑥ଷ +
1

𝑥ଶ
൰  𝑑𝑥

ଶ

ଵ

 

 

 

𝐵 = න 𝑥 sin(𝑥ଶ)  𝑑𝑥

ඥగ/ଷ

଴

 

 
 

𝐶 = න (cos(𝑥) + sin(𝑥))ଶ 𝑑𝑥

గ/ସ

଴

 

 
 

 

𝐷 = න
1

𝑥ଶ + 2𝑥
 𝑑𝑥

ଶ

ଵ

 

 
 

Find 
஺ା஼ା௘మವ

஻
. 

 

#5 Mu Bowl 
MANational Convention 2019 

#0 Alpha Ciphering  
Solution:   

𝐴 = ∫ ቀ𝑥ଷ +
ଵ

௫మ
ቁ  𝑑𝑥

ଶ

ଵ
= ቂ

ଵ

ସ
𝑥ସ −

ଵ

௫
ቃ

ଵ

ଶ

=
ଵ଻

ସ
. 

 

𝐵 = ∫ 𝑥 sin(𝑥ଶ)  𝑑𝑥
ඥగ/ଷ

଴
= ∫

ଵ

ଶ
sin(𝑢)  𝑑𝑢

గ/ଷ

଴
= ቂ−

ଵ

ଶ
cos(𝑢)ቃ

଴

గ/ଷ

= −
ଵ

ସ
+

ଵ

ଶ
=

ଵ

ସ
. 

 

𝐶 = ∫ (cos(𝑥) + sin(𝑥))ଶ 𝑑𝑥
గ/ସ

଴
= ∫ cosଶ(𝑥) + sinଶ(𝑥) + 2 sin(𝑥) cos (𝑥) 𝑑𝑥

గ/ସ

଴
= ∫ 1 + sin(2𝑥)  𝑑𝑥

గ/ସ

଴
=

ቂ𝑥 −
ଵ

ଶ
cos(2𝑥)ቃ

଴

గ/ସ

=
గ

ସ
+

ଵ

ଶ
. 

 

𝐷 = ∫
ଵ

௫మାଶ௫
 𝑑𝑥

ଶ

ଵ
= ∫

భ

మ

௫
−

భ

మ

௫ାଶ
 𝑑𝑥

ଶ

ଵ
=

ଵ

ଶ
ቂln ቀ

௫

௫ାଶ
ቁቃ

ଵ

ଶ

=
ଵ

ଶ
ln ቀ

ଵ

ଶ
ቁ −

ଵ

ଶ
ln ቀ

ଵ

ଷ
ቁ =

ଵ

ଶ
ln ቀ

ଷ

ଶ
ቁ. 

 

So 
஺ା஼ା௘మವ

஻
= 4 ቀ

ଵ଻

ସ
+

గ

ସ
+

ଵ

ଶ
+

ଷ

ଶ
ቁ = 17 + 𝜋 − √2 + 2 + 6 = 25 + 𝜋. 



#6 Mu Bowl 
MA National Convention 2019 

#0 Alpha Ciphering  
Consider the polynomial 

𝑝(𝑥) = 𝑟𝑥ଷ + (1 − 𝑟)𝑥ଶ − 𝑟ଶ𝑥 + (𝑟 + 1)ଷ 
 
where 𝑟 is a real number changing at a constant rate of +2 units per second. 
 
In unit per second, let: 

 
𝐴 be the rate of change of the sum of the roots 
when 𝑟 = 3 

 
𝐵 be the rate of change of the product of the 
roots when 𝑟 = 3 

 
Find 𝐴 − 𝐵. 

 

#6 Mu Bowl 
MANational Convention 2019 

#0 Alpha Ciphering  
Solution:   
 

The sum of the roots is 𝑆 = −
(ଵି௥)

௥
→ 𝑆ᇱ =

ଵ

௥మ
𝑟′ =

ଶ

ଽ
. 

 

The product of the roots is 𝑃 = −
(௥ାଵ)య

௥
= −𝑟ଶ − 3𝑟 − 3 −

ଵ

௥
→ 𝑃ᇱ = −2𝑟𝑟ᇱ − 3𝑟ᇱ +

௥ᇲ

௥మ
= −12 − 6 +

ଶ

ଽ
. 

 
So 𝐴 − 𝐵 = 18. 



#7 Mu Bowl 
MA National Convention 2019 

#0 Alpha Ciphering  
Let 

 

𝐴 = න
𝑥ଶ଴ଵଽ

𝑥ଶ଴ଵଽ + (2020 − 𝑥)ଶ଴ଵଽ
 𝑑𝑥

ଶ଴ଵଽ

ଵ

 

 

 

𝐵 = න
1

cos(𝑥) + sin(𝑥) + 2
 𝑑𝑥

గ/ଶ

଴

 

 
 

𝐶 = න
𝑥 − 1

ln(𝑥)
 𝑑𝑥

ଵ

଴

 

 

It turns out 2𝐴 + 𝐵 + 𝐶 = 𝑝𝑞 + ඥ𝑝 arctan൫ඥ𝑝൯ − ඥ𝑝 arctan ቀ
ଵ

√௣
ቁ + ln(𝑝) for a prime number 𝑝. 

Find 𝑞. 
 

 

#7 Mu Bowl 
MANational Convention 2019 

#0 Alpha Ciphering  
Solution:   
 

𝐴 = ∫
௫మబభవ

௫మబభవା(ଶ଴ଶ଴ )మబభవ
 𝑑𝑥

ଶ଴ଵଽ

ଵ
= ∫

(ଶ଴ଶ଴ି௫)మబభవ

௫మబభవା(ଶ଴ଶ଴ି௫)మబభవ
 𝑑𝑥

ଶ଴ଵଽ

ଵ
→ 2𝐴 = 𝐴 + 𝐴 =

∫
௫మబభవ

௫మబభవା(ଶ଴ଶ଴ି )మబభవ
 𝑑𝑥

ଶ଴ଵଽ

ଵ
+ ∫

(ଶ଴ଶ଴ି௫)మబభవ

௫మబభవା(ଶ଴ଶ଴ି௫)మబభవ
 𝑑𝑥

ଶ଴ଵଽ

ଵ
= ∫

௫మబభవା(ଶ଴ଶ଴ି௫)మబభవ

௫మబభవା(ଶ଴ଶ଴ି௫)మబభవ
 𝑑𝑥

ଶ଴ଵଽ

ଵ
= ∫ 1 𝑑𝑥

ଶ଴ଵଽ

ଵ
→

2𝐴 = 2018 → 𝐴 = 1009. 
 

𝐵 = ∫
ଵ

ୡ୭ୱ(௫)ାୱ୧୬(௫)ାଶ
 𝑑𝑥

గ/ଶ

଴
.  Let 𝑡 = tan ቀ

௫

ଶ
ቁ so that cos(𝑥) =

ଵି௧మ

ଵା௧మ
, sin(𝑥) =

ଶ௧

ଵା௧మ
, and 𝑑𝑥 =

ଶ

ଵା௧మ
𝑑𝑡.  Then 

∫
ଵ

ୡ୭ୱ(௫)ାୱ୧୬(௫)ାଶ
 𝑑𝑥

గ/ଶ

଴
= ∫

ଵ

భష೟మ

భశ೟మା
మ೟

భశ೟మାଶ

ଶ

ଵା௧మ
𝑑𝑡

ଵ

଴
= ∫

ଶ

ଵି௧మାଶ௧ାଶାଶ௧మ
𝑑𝑡

ଵ

଴
= ∫

ଶ

௧మାଶ௧ାଷ
𝑑𝑡

ଵ

଴
= ∫

ଶ

௧మାଶ௧ାଷ
𝑑𝑡

ଵ

଴
=

2 ∫
ଵ

(௧ାଵ)మାଶ
𝑑𝑡

ଵ

଴
= √2 arctan൫√2൯ − √2 arctan ቀ

ଵ

√ଶ
ቁ. 

𝐶 = ∫
௫ିଵ

୪୬(௫)
 𝑑𝑥

ଵ

଴
→ 𝐶(𝑎) = ∫

௫ೌିଵ

୪୬(௫)
 𝑑𝑥

ଵ

଴
→ 𝐶ᇱ(𝑎) = ∫

୪୬(௫)௫ೌ

୪୬(௫)
 𝑑𝑥

ଵ

଴
= ∫ 𝑥௔  𝑑𝑥

ଵ

଴
=

ଵ

௔ାଵ
→ 𝐶(𝑎) = ln(𝑎 + 1) +

𝐾.  When 𝑎 = 0, 𝐶(0) = ∫
௫బିଵ

୪୬(௫)
 𝑑𝑥

ଵ

଴
= 0 → 𝐾 = 0.  Therefore the desired integral is 𝐶(1) = ln(2). 

Since 𝑝 = 2 can be gotten from either 𝐵 or 𝐶 we don’t actually need to do both.  Then 𝑞 = 𝐴 = 1009. 
 



#8 Mu Bowl 
MA National Convention 2019 

#0 Alpha Ciphering  
Let 𝑅 denote the finite region bounded by the 𝑥-axis and the curve 𝑦 = 3 − 3𝑥ଶ. 
 
Let 𝐴 be the area of 𝑅. 
 
Let 𝐵 be the volume of the solid formed when 𝑅 is rotated about the 𝑥-axis. 
 
Let 𝐶 be the volume of the solid formed when 𝑅 is rotated about the line 𝑥 = 1. 
 
Let 𝐷 be the volume of the solid formed when 𝑅 is rotated about the line 𝑦 = 𝑥 − 1. 
 

Find 
஼

஺

஽

஻
. 

 
 
 

 

#8 Mu Bowl 
MANational Convention 2019 

#0 Alpha Ciphering  
Solution:   
 
To do part 𝐷 we’re going to need to use the Theorem of Pappus, so we may as well use it for parts 𝐵 
and 𝐶 as well.  𝐴 = ∫ 3 − 3𝑥ଶ 𝑑𝑥

ଵ

ିଵ
= 2[3𝑥 − 𝑥ଷ]଴

ଵ = 2(3 − 1) = 4.  The x-coordinate of the centroid of 

region R is obviously zero by symmetry.  The y-coordinate is 
ଵ

ଶ஺
∫ (3 − 3𝑥ଶ)ଶ 𝑑𝑥

ଵ

ିଵ
=

ଽ

஺
∫ (1 + 𝑥ସ −

ଵ

଴

2𝑥ଶ) 𝑑𝑥 =
ଽ

஺
ቂ𝑥 +

ଵ

ହ
𝑥ହ −

ଶ

ଷ
𝑥ଷቃ

଴

ଵ

=
ଽା

వ

ఱ
ି଺

஺
=

ଶସ

ହ஺
=

଺

ହ
.  So for each part: 

𝐵:  The distance from the centroid to the line is 
଺

ହ
.  Therefore the volume is 2𝜋 ቀ

଺

ହ
ቁ (4) =

ସ଼

ହ
. 

𝐶:  The distance from the centroid to the line is 1.  Therefore the volume is 2𝜋(1)(4) = 8𝜋. 

𝐷:  The distance from the centroid to the line is 
ቚ଴ି

ల

ఱ
ିଵቚ

√ଶ
=

ଵଵ√ଶ

ଵ଴
.  Therefore the volume is 2𝜋 ቀ

ଵଵ√ଶ

ଵ଴
ቁ (4) =

ସସ√ଶగ

ହ
. 

 
஼

஺
+

஽

஻
=

଼గ

ସ
+

ସସ√ଶ

ସ଼
= 2𝜋 +

ଵଵ

ଵଶ
√2. 
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#0 Alpha Ciphering  
Let 𝐿 represent the line tangent to the curve 𝑥ଶ𝑦 − 𝑥𝑦ଶ − 𝑥 + 𝑦 = 9 at the point (1,2). 
 

Let 𝑀 represent the line tangent to the curve ൜
𝑥(𝑡) = 𝑒௧ − 2𝑡

 𝑦(𝑡) = 𝑡ଶ − ln (𝑡 + 1)
 at 𝑡 = 0. 

 
If (𝐴, 𝐵) is the point of intersection between 𝐿 and 𝑀, find 𝐴 + 𝐵. 
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#0 Alpha Ciphering  
Solution:   
 

𝑥ଶ𝑦 − 𝑥𝑦ଶ − 𝑥 + 𝑦 = 9 → 2𝑥𝑦 + 𝑥ଶ𝑦ᇱ − 𝑦ଶ − 2𝑥𝑦𝑦ᇱ − 1 + 𝑦ᇱ = 0 → 𝑦ᇱ =
௬మିଶ௫௬ା

௫మିଶ௫௬ାଵ
=

ସିସାଵ

ଵିସାଵ
= −

ଵ

ଶ
.  So 

the line 𝐿 is𝑦 − 2 = −
ଵ

ଶ
(𝑥 − 1) → 𝑦 = −

ଵ

ଶ
𝑥 +

ହ

ଶ
. 

 
ௗ௬

ௗ௫
=

೏೤

೏೟
೏ೣ

೏೟

=
ଶ௧ି

భ

೟శభ

௘೟ିଶ
= −

ଵ

ଵିଶ
= 1.  So the line 𝑀 is 𝑦 = 𝑥 − 1. 

 
The point of intersection is −

ଵ

ଶ
𝑥 +

ହ

ଶ
= 𝑥 − 1 →

଻

ଶ
=

ଷ

ଶ
𝑥 → 𝑥 =

଻

ଷ
→ 𝑦 =

ସ

ଷ
→ 𝐴 + 𝐵 =

ଵଵ

ଷ
. 
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#0 Alpha Ciphering  
Let 

 

𝐴 = න 𝑒௫ arctan(𝑥 + 1)  𝑑𝑥

଴

ିଵ

 

 

 

𝐵 = න sec(𝑥) tanଶ(𝑥)  𝑑𝑥

గ/ଷ

గ/ସ

 

 
 

𝐶 = න secଷ(𝑥)  𝑑𝑥

గ/ଷ

గ/ସ

 

 
Find 𝐴 + 𝐵 + 𝐶 + 𝐷. 

 

𝐷 = න
𝑒௫

𝑥ଶ + 2𝑥 + 2
 𝑑𝑥

଴

ିଵ
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#0 Alpha Ciphering  
Solution:   
 

𝐴 + 𝐷 = ∫ 𝑒௫ arctan(𝑥 + 1)  𝑑𝑥
଴

ିଵ
+ ∫

௘ೣ

௫మାଶ௫ାଶ
 𝑑𝑥

଴

ିଵ
= ∫ (𝑒௫)ᇱ arctan(𝑥 + 1) + 𝑒௫(arctan(𝑥 + 1))ᇱ 𝑑𝑥

଴

ିଵ
=

∫ [𝑒௫ arctan(𝑥 + 1)]ᇱ 𝑑𝑥
଴

ିଵ
= 𝑒଴ arctan(1) − 𝑒ିଵ arctan(0) =

గ

ସ
. 

 
𝐵 + 𝐶 = ∫ sec(𝑥) tanଶ(𝑥)  𝑑𝑥

గ/ଷ

గ/ସ
+ ∫ secଷ(𝑥)  𝑑𝑥

గ/ଷ

గ/ସ
= ∫ [sec(𝑥) tan(𝑥)]ᇱ 𝑑𝑥

గ/ଷ

గ/ସ
= 2 ∗ √3 − √2 ∗ 1. 

 
So 𝐴 + 𝐵 + 𝐶 + 𝐷 =

గ

ସ
+ 2√3 − √2. 



#11 Mu Bowl 
MA National Convention 2019 

#0 Alpha Ciphering  
Let 𝑓(𝑥) = 3𝑥ସ − 2𝑥ଷ + 𝑥ଶ − 𝑥 + 2 
 
If  

𝐴 = 𝑓(2) 
 

𝐵 = 𝑓ᇱ(2) 
 

𝐶 =
𝑓ᇱᇱ(2)

2!
 

 

𝐷 =
𝑓ᇱᇱᇱ(2)

3!
 𝐸 =

𝑓(ସ)(2)

4!
 𝐹 =

𝑓(ହ)(2)

5!
 

 
Find 𝐴 + 𝐵 + 𝐶 + 𝐷 + 𝐸 + 𝐹. 
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#0 Alpha Ciphering  
Solution:   
 
Since 𝑓(௡)(2) = 0 for 𝑛 > 5 because 𝑓(𝑥) is a quartic, by Taylor’s Theorem we have that 
 

𝑓(𝑥) = 𝑓(2) + 𝑓ᇱ(2)(𝑥 − 2) +
𝑓ᇱᇱ(2)

2!
(𝑥 − 2)ଶ +

𝑓ᇱᇱᇱ(2)

3!
(𝑥 − 2)ଷ +

𝑓(ସ)(2)

4!
(𝑥 − 2)ସ +

𝑓(ହ)(2)

5!
(𝑥 − 2)ହ 

 
Therefore the desired sum is just 𝑓(3) = 3(81) − 2(27) + 9 − 3 + 2 = 197. 
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#0 Alpha Ciphering  
Let 𝑓(𝑥) = 4𝑥ଷ − 2𝑥 + 2019.  Let 𝑅 be the finite region bounded by 𝑓(𝑥), the 𝑥-axis, 𝑥 = 1, and 𝑥 = 3. 
 
Let 𝐴 be the value obtained when the area of 𝑅 is approximated using a Left-handed Riemann Sum with 
8 equal subintervals. 
 
Let 𝐵 be the value obtained when the area of 𝑅 is approximated using a Right-handed Riemann Sum 
with 8 equal subintervals. 
 
Let 𝐶 be the value obtained when the area of 𝑅 is approximated using the Trapezoidal Rule with 8 equal 
subintervals. 
 
Let 𝐷 be the value obtained when the area of 𝑅 is approximated using Simpson’s Rule with 8 equal 
subintervals. 
 
Find 𝐴 + 𝐵 − 2𝐶 + 𝐷 
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#0 Alpha Ciphering  
Solution:   
 
஺ା஻

ଶ
= 𝐶 so 𝐴 + 𝐵 − 2𝐶 = 0. 

 
Simpson’s Rule is exact for cubics (and below) so 𝐷 = ∫ (4𝑥ଷ − 2𝑥 + 2019)𝑑𝑥

ଷ

ଵ
= [𝑥ସ − 𝑥ଶ + 2019𝑥]ଵ

ଷ =

81 − 9 + 6057 − 1 + 1 − 2019 = 72 + 4038 = 4110.  This is also the final sum. 
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#0 Alpha Ciphering  
Let 𝐴 = 2019 if the statement  

“There exists a value of 𝑐 ∈ (1,3) such that the slope of 𝑓(𝑥) =
ଵ

௫ିଶ
 is −1” 

is true, or −2019 if it is false. 
 
Let 𝐵 = 2020 if the statement  

“A function may only cross its oblique asymptote a finite number of times” 
is true, or −2020 if it is false. 
 
Let 𝐶 = 2021 if the statement  

“There exists a function that is continuous and differentiable  
everywhere, but has a second derivative nowhere” 

is true, or −2021 if it is false. 
 
Find 𝐴 + 𝐵 + 𝐶 
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#0 Alpha Ciphering  
Solution:   
 
For 𝐴, the Mean Value Theorem does not apply because 𝑓(𝑥) is not continuous.  We can check directly: 
𝑓ᇱ(௫) =

ିଵ

(௫ିଶ)మ
= −1 → (𝑥 − 2)ଶ = 1 → 𝑥 = 3 or  𝑥 = 1.  Neither of these are on the open interval so 𝐴 =

−2019. 
 

For 𝐵, one of the many counter-examples is 𝑦 = 𝑥 +
ୱ୧୬(௫)

௫
, so 𝐵 = −2020. 

 

For 𝐶, let 𝑓′′(𝑥) be the Dirichlet function 𝐷(𝑥) = ቄ
 1    𝑥 ∈ ℚ
0     𝐸𝑙𝑠𝑒

.  Then 𝑓(𝑥) = ∫ ∫ 𝐷(𝑡)
௨

ିஶ
𝑑𝑡𝑑𝑢

௫

ିஶ
 will work.  

So 𝐶 = 2021 
 
𝐴 + 𝐵 + 𝐶 = −2019 − 2020 + 2021 = −2018. 
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#0 Alpha Ciphering  
Let 

 

𝐴 be the area contained within the curve 
(௫ିଶ)మ

ସ
+

(௬ାଵ)మ

ଽ
= 1 

 

 
𝐵 be the area contained within the curve |𝑥| +

|𝑦| = 20 
 

 
𝐶 be the area contained within the polar curve 

𝑟ଶ = 3sin (2𝜃) 
 
Find 𝐴 + 𝐵 + 𝐶 + 𝐷. 

𝐷 be the area contained within the polar curve 
𝑟 = 1 − cos (𝜃) 
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#0 Alpha Ciphering  
Solution:   
 
𝐴:  The area of this ellipse is 2 ∗ 3 ∗ 𝜋 = 6𝜋. 
 
𝐵:  The area of this square with side length 20√2 is 800. 
 
𝐶:  The area of this lemniscate is 

ଶ

ଶ
∫ 𝑟ଶ𝑑𝜃

గ/ସ

ିగ/ସ
= 3 ∫ sin (2𝜃)𝑑𝜃

గ/ସ

ିగ/ସ
= 3. 

 
D:  The area of this cardioid is  

ଵ

ଶ
∫ 𝑟ଶ𝑑𝜃

ଶగ

଴
=

ଵ

ଶ
∫ (1 − cos (𝜃))ଶ𝑑𝜃

ଶగ

଴
=

ଷగ

ଶ
. 

 
𝐴 + 𝐵 + 𝐶 + 𝐷 = 803 +

ଵହగ

ଶ
. 

 



Nationals 2019 Mu Bowl ANSWERS 
 

0)     
௘భఱ

ଷ
 

 
1)     647 + 3 ln(2) 

 

2)     
଼

ଷ
 

 

3)     5 ln(2) −
ଵ

ଷ
 

 
4)     22 + 8 ln(2) + 25√17 

 
5)     25 + 𝜋 

 
6)     18 

 
7)     1009 

 

8)     2𝜋 +
ଵଵ

ଵଶ
√2 

 

9)     
ଵଵ

ଷ
 

 
10)     

గ

ସ
+ 2√3 − √2 

 
11)     197 

 
12)     4110 

 
13)     −2018 

 

14)     803 +
ଵହ

ଶ
 


