#0 Mu Bowl
MAG® National Convention 2019

Let
x —x3 3x
- im(252) =i (1-
_ 3x2+x—1 _
C=£$<zzt;?:%) D= lim (x* +2x = /x* —x)

AD
Find .

B+C
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Solution:
s x=x3\ o (x(1-x?)) 1 Y _5 3 e

A= 9161_1;% (x2+2x) - 9161_1;% ( x(x+2)) T2 b= 911_1)’{)10 (1 x) =€

\/x2+2x+\/x2—x) 2
T3

(x2+2x)—(x2-x) =

C = lim (3x2+—x—1):0 D = lim (Vx2 +2x —VxZ —x) = lim(

x—00 \2x2—x3+7 xX—00 X—00

a _ QE) _ev

B+C  0+e-15 3~
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Let
d _, 2 d 2 2(,3 3
A =a[e cos(x?)]|x=0 B =a[x(x + D(x% + 2)°]lx=1
_d x3-1 d tan?(x)
C‘ﬂ[(’”“l) ]|x=1 D=— :
dx |x +sin(x) + 1| __

FindA+ B + C + D.
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Solution:
A== [e™ cos(x?)]lx=0 = [e™*(—2x sin(x?)) — €% c0s(x?)]4=0 = —1
B: y = x(x? + 1)*(x* +2)° > In(y) = In(¥) + 2In(x? + 1) + 3In(x* +2) >y’ =y (24 4

9x?
x3+42

)=y W =y (1+5+2) =1+22+3%+ (1 +2+3) = 648

Cy=@x+D"15mn@)=G3-1DhEx+1) >y =y=x (—+3x 1n(x+1)) ->y'(1)=1%
(04 31In(2)) = 31In(2).

tan2(x) ” [(x+sin(x)+1)(2 ta (x) secz(x))—tanz(x)(1+cos(x))] —0

D= dx [x+sm(x)+1 (x+sin(x)+1)2 x=0

A+B+C+D =647 + 31n(2).
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Let
1 — x?

a

g(x) =a(x*-1)

f&) =

for a positive real constant a.

Find the minimum possible area of the finite region bounded by f(x) and g(x).
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Solution:

Theareaistoll_a—xz—a(xz—l) dxzzfol(a+i)—(a+%)x2 dx=2(a+%)[

So then R(a) =a+%—>R’ = 1—%=0—>a= 1—>theminimumareais§.
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Let
B nl—r>{>10 k+n B = rlll_I)Tolo (1 + ;)
k=1 =1
~ 4darctan(1+x)—m ~arctan(x) — x
C = lim D =lim—————
x—0 X x—0 X

Find A+ In(B) + C + D.
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Solution:

U ST i ST G
A= rlll—l;glo Zie=1 k+n _rlll—r>r010 Zk:lnk.;.l a fl xdx = In(2).
n
2

. kK\n . k
B = Tlll_)l’glo | (1 + ;) - In(B) = 2%1_1%10 Z}Cl:l%ln (1 + ;) =2 ff In(x) dx = 2[xIn(x) — x]? =
41n(2) — 2.

T
. 4arctan(1+x)-m . arctan(1+x)—— d 4
C =lim—————=4lim—— = 4—[arctan(t)] =, = > = 2.
x-0 X x—0 x dx 2
(x x| 2 ) x
. arctan(x)—x . 35 )7 1
D == llm—3 = hm—3 = -
x—0 X x—0 X 3

SoA+In(B)+C+D =51n(2)—§.
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Let |
f(x) — xx+xx+xx+x
gx) = \/4x2 + J4x2 ++/4x2 + -
If
T dx [f ) ]x=1 = Ix [g()]x=1
€= f(ln(f(x)) — f() In(x)) dx D= fxg(x) dx

Find A+ 17B + 4C + 96D.
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Solution:

flx) = xx+xx+xx+x.: - f=x* > In(f) = (x + ) In(x) = In(f) — f In(x) = x In(x). Thereforef?l—

! s
f'In(x) — LA In(x)+1- f'(x) = nl(x)+1+" ->f'(1)=A= O+i+f(1) = 2. Further, from above,
X F—IH(X) m—o
2 2 , 2 5
1, 1 1, 3

C = f(ln(f) — fIn(x)) dx = fxln(x) dx = [Ex ln(x)] — J-Ex dx = 21In(2) — [Zx ] = 21In(2) ~2

1 1 b !
g(x) =\/4x2+\/4x2+\/4xz+---—>g2 =4x% 4+ g > g? — g — 4x? :0—>g:1+—“;’16x2_>g' =

8x ’ 8 1 11 x 1
m—)g(l)szﬁ. AlsoD = [ x g(x)dx = [ Ex+5\/1+16x2dx=[zx2+

31
2 1 17V17 1 23+17vV17
16x2)z] S I A E LA Va7
0 4 96 96 96

12
a§(1+

So,A+17B +4C + 96D =2 + 8V17 +81In(2) — 3 + 23 + 1717 = 22 + 81In(2) + 25V17
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Let
2 /3
3, 1 (
A= (x +x—2) dx B = f x sin(x?) dx
1 0
/4 2
_ . 2 D= d
C f (cos(x) + sin(x))” dx ]xz T
0 1
A+C+e?D
Find —
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Solution:
2(.3 . 1 _[re_ 1 _17
A= (e rg) =[x =] =5
_ Jm/3 . 2 _ 77:/31 : N T[/g—_l 1_1
B = fo xsin(x®) dx = fo Zsm(u) du = [ Zcos(u)]o =-:t:=7

C = fOnM(cos(x) + sin(x))? dx = fOnM cos?(x) + sin?(x) + 2 sin(x) cos(x) dx = fon/4 1+ sin(2x) dx =
[ —Leos(2 )]n/4_2+l
x—jcos(20)| - =g+

ER
0= it = - =2 = imE)-$n ) = 3m 2,

A+C+e?P
B

So

17 T 1 3
_4(T+Z+E+E)—17+n—\/§+2+6—25+7t.
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Consider the polynomial
p(xX)=rx>+ A —-7)x*—1r3x+ (r+1)3

where r is a real number changing at a constant rate of +2 units per second.

In unit per second, let:

A be the rate of change of the sum of the roots B be the rate of change of the product of the
whenr =3 roots whenr = 3
Find A — B.
#6 Mu Bowl

MAG® National Convention 2019

Solution:

1-r 1
( ) SN Sl — _TI =
T r2

The sum of the rootsis S = —

_ o

The product of the roots is P = —r?2—-3r—-3-— % - P ==2rr"=-3r"+ :—Z =-12-6+ %.

SoA—-B =18.
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Let

2019 /2

x2019 1
J x2019 4 (2020 — x)2019 cos(x) + sin(x) + 2 *
0

_ j‘x -1 4
~ ) In(x) x
0
Itturnsout24A+B +C =pq + \/Earctan(\/_) \/Earctan ( ) + In(p) for a prime number p.
Find q.
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Solution:

2019 x2019 2019  (2020-x)201°
A= dx = [ dx > 2A=A+A=
x2019+(2020 )2019 1 x2019+(2020 x)2019
f2019 x2019 d f2019 (2020—x)201° f2019x2°19+(2020 —x)2019
1 x2019+(2020_ )2019 1 x2019+(2020_x)2019 X2019+(2020 x)2019

2A = 2018 - A =1009.

2019

dx= [ "ldx-

_(m/2 1 _ 2t
B = fo P dx. Lett = tan( )so that cos(x) = " t2’ sm(x) =
fn/z 1 M 1 2 S 2 12 12 _
0 cos(x)+sin(x)+2 CJoat2 2t oa4e2 T Jo 1—e2+2t+2+2¢2 0 J0 e2+42t43 0 Y0 ¢242t43
1+t2 " 1+t2
2 fo (t+1)2+2 ———dt = \/—arctan(\/—) V2 arctan (\/_)
_ rlx-1 _ 1In(x)x% S _ 1 _
= Jo ooy x> €@ =, n v ) =Jo Ty =l ¥t dx =~ C@=In(a+ 1)+

K. Whena =0,C(0) = s ; x = 0 - K = 0. Therefore the desired integral is C(1) = In(2).

Since p = 2 can be gotten from either B or C we don’t actually need to do both. Then g = A = 1009.
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Let R denote the finite region bounded by the x-axis and the curve y = 3 — 3x2.
Let A be the area of R.

Let B be the volume of the solid formed when R is rotated about the x-axis.

Let C be the volume of the solid formed when R is rotated about the line x = 1.

Let D be the volume of the solid formed when R is rotated about the line y = x — 1.

C D
Find— + —.
n A B
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Solution:

To do part D we're going to need to use the Theorem of Pappus, so we may as well use it for parts B
and C as well. A = f_11 3 —3x2 dx = 2[3x — x3]§ = 2(3 — 1) = 4. The x-coordinate of the centroid of
region R is obviously zero by symmetry. The y-coordinate is if_ll(3 —3x%)?dx = %fol(l + x* —

1 9 2—6
2x%) dx = 3[x + éxs — 3x3]0 = % = % = 9. So for each part:
B: The distance from the centroid to the line is E Therefore the volume is 2m ( ) 4) =

C: The distance from the centroid to the line is 1. Therefore the volume is 2 (1)(4) = 87'[

D: The distance from the centroid to the line is —=— | s | Therefore the volume is 27 (11\/—) 4) =

10
4427
P

+2= M o+ B2

>0
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Let L represent the line tangent to the curve x?y — xy? — x + y = 9 at the point (1,2).

x(t) = et — 2t

y(®) = t2 —In(t + 1) =0

Let M represent the line tangent to the curve {

If (A, B) is the point of intersection between L and M, find A + B.

#9 Mu Bowl
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Solution:
2 2 _ 2 2 _ _yP-2xy+ 4441 1
Xy —xy*—x+y=9-2xy+x°y —y —2xyy’—1+y’—O—>y’—x2_2xy+1—1_4+1——5. So
thelineLisy—2=—%(x—l)—>y=—%x+§.
dy 1
o R T ine Misy = x —
&= i, — 15 =1 SothelineMisy =x—1.
dt
Thepointofintersectionis—%x+§=x—1—>%=§x—>x=§—>y=i—>A+B=%.
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Let
0 /3
A= fex arctan(x + 1) dx B = ] sec(x) tan?(x) dx
-1 /4
/3
C= f sec3(x) dx 0 o
s b= |

-1
FindA+ B + C + D.
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Solution:

ex

A+D = f_01 e*arctan(x + 1) dx + f_01 oo, X = f_ol(ex)’ arctan(x + 1) + e*(arctan(x + 1))' dx =

f_ol[ex arctan(x + 1)]’ dx = e®arctan(1) — et arctan(0) = %.

B+C = f://: sec(x) tan?(x) dx + f;r//: sec3(x) dx = f"/3[sec(x) tan(x)]’ dx = 2 V3 — V2 * 1.

/4

SoA+B+C+D=%+2\/§—\/§.
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Let f(x) =3x*—2x3 +x? —x+2

If
A=f(2) B =f'(2) C=f2—(,2)
f"(2) F®(2) f®(2)

b= E==—3 F=—

FindA+B+C+D+E+F.

#11 Mu Bowl
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Solution:

Since f ™ (2) = 0 for n > 5 because f(x) is a quartic, by Taylor’s Theorem we have that

(2
2!

flll(z)

(x—2)?%*+ 3

fO=f@D+f@)x-2)+ (x-2°+ (x—-2"+ (x—2)°

f@2) f®(2)
4! 51

Therefore the desired sum is just f(3) = 3(81) — 2(27) +9 -3 + 2 = 197.
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Let f(x) = 4x3 — 2x + 2019. Let R be the finite region bounded by f (x), the x-axis, x = 1, and x = 3.

Let A be the value obtained when the area of R is approximated using a Left-handed Riemann Sum with
8 equal subintervals.

Let B be the value obtained when the area of R is approximated using a Right-handed Riemann Sum
with 8 equal subintervals.

Let C be the value obtained when the area of R is approximated using the Trapezoidal Rule with 8 equal
subintervals.

Let D be the value obtained when the area of R is approximated using Simpson’s Rule with 8 equal
subintervals.

FindA+B —-2C+D
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Solution:

¥=6soA+B—ZC=0.

Simpson'’s Rule is exact for cubics (and below) so D = f13(4x3 —2x +2019)dx = [x* — x? + 2019x]3 =
81 —-9+6057—1+1—2019 =72 + 4038 = 4110. This is also the final sum.
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Let A = 2019 if the statement
“There exists a value of ¢ € (1,3) such that the slope of f(x) = ﬁ is —1”
is true, or —2019 if it is false.

Let B = 2020 if the statement
“A function may only cross its oblique asymptote a finite number of times”
is true, or —2020 if it is false.

Let C = 2021 if the statement
“There exists a function that is continuous and differentiable
everywhere, but has a second derivative nowhere”
is true, or —2021 if it is false.

FindA+B +C
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Solution:

For A, the Mean Value Theorem does not apply because f(x) is not continuous. We can check directly:

1 = ﬁ =—1-(x—2)2=1-x =3o0r x = 1. Neither of these are on the open interval so 4 =
—20109.
For B, one of the many counter-examplesisy = x + Sir;(x), so B = —2020.

1 xeQ

For C, let f"(x) be the Dirichlet function D(x) = { . Then f(x) = f_xoo f_uoo D(t) dtdu will work.

SoC =2021

0 Else

A+B+C=-2019 —-2020 + 2021 = —2018.
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Let

(x—2)2

A be the area contained within the curve + B be the area contained within the curve |x| +

G+1)? _ 1 ly| = 20
9
C be the area contained within the polar curve D be the area contained within the polar curve
r? = 3sin(26) r =1—cos(8)

FindA+ B + C + D.
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Solution:

A: The area of this ellipse is 2 * 3 x T = 6.

B: The area of this square with side length 20+/2 is 800.
. . . 2 /4 /4 .
C: The area of this lemniscate is Ef_n/4r2d9 =3 f—n/4 sin(26)d6 = 3.

D: The area of this cardioid is %foznrzde = %f:”(l — cos(0))?de = 37"

A+B+C+D=803+12—n.
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0)
1)
2)
3)
4)
S)
6)
7)
8)
9)
10)

11)
12)

13)

14)

15

3

647 + 31In(2)

8
3
51n(2)-—§

22 4+ 81n(2) + 25V17
25+ 1w
18
1009
11
27T+E\/§

11

T+2vV3-42
197
4110

—2018

803 + =
2



