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Solutions:
1. ltis well knownthatﬁ =a+4+ar +ar?+..forall—o < a < wo,—-1 <7r < 1.ifr

is outside of this range, then either r = 1, in which case ﬁ is undefined and a + ar +

ar? + ... diverges, or r # 1, in which case ﬁ is some real number, and the righthand
side diverges.
Thus, inour case, r = 9x,s0 —1 < 9x < 1. Dividing by 9 yields %1 <x < %

D
—1)k 52 _1\k+1 .2
2. Leta, = ¢ 1€)kx . Perform the ratio test on this sequence: lim a(’;“ = 1e)k+1x :
—o0 Ak
k
(;—kz = —e™! = r.Clearly, -1 < r < 1. Thus, this series converges for any x.
N

_1\k
Note: The series ). - 0( elk) converges, so multiplying it by x? will multiply the sum by

a constant without changing convergence.
D

3 1/3

3. 1212002 = 121/3 - (12/3)1/3 . (121/3)1/3)1/3, | = 125+ G+ G+ = 100/ =

1/3
122/3 = 121/2 = 24/3
B

x=VI24+x > xX*’=12+4+x - 0=x>—x—12=
(x—=9D(x+3)

4. \/12+\/12+\/12+

Because x is a square root of a sum of positive numbers, x > 0 = x = 4.
D

5. Let us consider each of |, Il, and Il separately.

. 1 11 1 .
Consider the sequence a,, = G=55 ) It is well known that ¥}, a; = In(2).
However, consider the sequence b,, for which b; = a,;. Since every element in sequence
. . . 1 1 1
b, is also in a,, b, is a subsequence of a,,. However, ¥ ;°_; by, = — T T

_1
2
Yr=1 ai converges. Therefore, (I) need not be true.

G + % + §+. .. ) Since the latter series diverges, Y.y~ by also diverges. However,

Il
-1

Consider the sequence a,, = % Clearly, |a,| is decreasing and lima; = 0. Thus, by
L—00



_1\2n
the Alternating Series Test, Y7~ a;, converges. However, observe that a,? = ( 13 = %

It is well known that Z,;‘c’:l% = Y, a, 2 diverges. Therefore, (ll) need not be true.
I:

Consider the sequence a,, = =

—n. Clearly, |a,| is decreasing, and limai = 0. Thus, by
1D _ 1

the Alternating Series Test, }.;_; a, converges. However, observe that |a,| = T

It is well known that Y- 1 = Y= |ax| diverges. Therefore, (lll) need not be true.

Since none of (I, II, lll) must be true, the answer is: None
E.

The given limit is of the form of a Reimann Sum. In a Reimann Sum representing
f:f(x)dx, the i term represents x, the operations performed on the i term represent

f(x), the % term represents dx, and the bounds of the sum represent the limits of

integration (a finite number represents 0, n represents 1, 2n represents 2, etc.).

Using this information, f(x) = (1 + x)3, and the limits of integration are 0 and 3.
(1+x)*3 _4* 1* _ 256-1 _ 255

3 3 _ 255
[+ de = [ =2 - T =22 =22
D

Ak

ey =YY% 0 |mpI|es that 3% = e!"®x = Z}fzo(l"(i)! 2
D.
Call the given sum S = Z;‘{’_lz% = l+— += +ﬁ+ D|V|d|ng by 4 glves == i+i+
ﬁ +.. Subtractlng the two previous equatlons ylelds —== + =t a ot .. Dividing

by 4 gives —6 =— + i E'i' . Subtracting the two previous equatlons ylelds (— —

9S 1 2 2 1 2/4 1 Py 1 2
B2 ——+—+—+—+...=——+(—+—+—+...)———+L1=——+%=——+—
16 16 4 16 64 256 4 4 16 64 4 1—Z 4 " 4 3

—-3+8 5 9s 5 16 20
12 12 16 12 9 27

B
D?

First, notice that Y., - 1x— is completely symmetric about x = 4 because the only

term involving x — 4 is raised to 2n, an even power. Therefore, a number r is within the
interval of convergence if and only if 4 — (r — 4) = 8 — r is also within the interval of
convergence.

In order to determine the interval of convergence, let us use the ratio test. Calling the
(x— 4)2(n+1) (x_4)2n — lim (x_4)2(n+1).n_4n

sequence a,, we have rllll?o an. = él_)oo A W i DA =
llm 4) Thus, if lim Goay? 4) < 1, the series converges, and if lzm( 4)

n—oo n—-oo n—oo

diverges. From this fact and from the symmetry about x = 4, the interval of convergence

> ], the series



10.

11.

12.

must be either (2, 6) or [2, 6], depending on whether the series converges at x = 6,2.
Plugging in x = 6, the given series is Z;‘{’zlj% = Z;‘{’zli, which diverges. Thus, the
interval of convergence is (2, 6)

A.

The motivation behind this solution is the intuition that the graph of f(x) = e *|sin(x)|
has periodic “humps” with a period of 7, the same period as |sin(x)|. The area of these
humps can be calculated using a geometric series.

More rigorously:

|sin(x + m)| = |sin(x)cos(m) + sin(m)cos(x)| = | — sin(x)| = |sin(x)].

Call f(x) = e ¥|sin(x)|. f(x + ) = e * "|sin(x + )| = e ™ - e *|sin(x)| = e " f(x).
The question asks to evaluate fooo(e_xlsin(x)l) dx. We can “split” this integral into
intervals of width by rewriting the integral as ;- 0[f("ﬂ)n(e_x|sin(x)|) dx].
Additionally, using previously obtained information, f(n+1)”f(x) dx = fn 1)nf(x +

m) dx = f(n—l)n: e "f(x)dx= e - f(n_l)nf(x) dx. Thus, the area of each interval is

e~ ™ times the area of the previous integral. Therefore, Yoo, frfzﬂ)”(e_xlsin(x)l) dx =
[J e XIsin(x)]) dx

1—e™*
Evaluate fo (e ™*|sin(x)]) dx = fone‘x - sin(x) dx by using integration by parts:
s s
] e ™ -sin(x) dx = [—e *sin(x)]} — ] —e ™ - cos(x) dx
0 0 n
=(0—-0)+{[—e Fcos(x)]j — ] —e ™ - —sin(x) dx}
0

=(—e ™ (-D)-(-1-1) - fﬂe_x -sin(x) dx = 2fne_x csin(x)dx=e™™+ 1
0 0

" T+ ]
= f e*-sin(x)dx = ¢
0 2

> _ e 4] (e”)_ e’+]
I—e=™ ~ 2(1—e~™)\ ™) T 2(e"—1)

e 4]

Therefore, [, (e |sin(x)]) dx =
C.

Ben: f e*dx = [e¥*]§ =e®—1=B8.

e%+el e3+eb

34+ 3——+3e +3 6= 7.

Zhao: Each interval has width = = 3. Thus,
Z-B=243e3+2e6—(e6—1)=2+3¢% + 2.

2 2 2 2
B.
Generally, the Taylor expansion about x = a for f(x) =e*is Y oe*—— C a) . Thus, the
2nd degree approximations that each person uses are as follows:
Jonathan: i+x—1+£= 1+ x + x?

N2
Henrik: e6( +(x 6) G 6))
2!



13.

14.

15.

16.

Defining J as the integral that Jonathan calculates and H as the integral Henrik
calculates:

6 2 x?  x36
J=[,A+x+x )dx=[x+—+—]0=6+18+36=60.

(x 6) (x—6) (x 6)

H=[leS(1+%2
36)) = 24e.
To answer whose approximation is more accurate, we compare each approximation to
the actual integral, which we determined in Question 10 to be e® — 1 = 1.
J—I|=e®—1—-60|=|e®—61]. 3>e=2.7...>2=3%°=729>¢e°> 64 =2°,
Therefore, 668 > |e® — 61| > 3.

|H—1I|=|e®—1—24e° =|23e®+ 1|. e® > 64. Therefore, [23e® + 1| > 1473 = 23 -
64 + 1. Therefore, Jonathan’s integral approximation is more accurate.

Additionally, the difference between the two approximations is 24e® — 60

C.

Factoring the bottom polynomial gives

=—)dx = e®[x + 16 =e®6+0+0—(0+ 18—

n-1 n-—1 1
P10+ 19n=30 n+35)(n- 1)(n+6) (n+5)(n+6)'

1 A
) . t3) + o +6) An+6)+B(n+
5)=1=>A+B—0 6A+5B =1 = A=1,B =—1. Thus, the given series is

S )= G- D+ G- D+ G- D=t 2 e 2+ D+ =

Now, using partial fraction decomposition,

9

A.
Letx =2 +— NN x=2+% - x—2—%=0=x2—2x—3=(x—3)(x+1).Because

2+..

the given continued fraction contains only positive numbers being summed or divided,
x>0-x=3
C.

Write the sum as ¥°_ 0(n+2) =y 0 —Zn 0 +Zn 0 +Zn o= —.
Zn 0 —4'211 0 ,_4'3

0 4Tl_

n=OF_ O+Zn=1(n_1)| - En 1(n 1),— Zn 0 de.

- n n—1 1
+2(n—1)! i (n— 1)! Z(n—l)' © +Z( 1)' E
Z 2)')+e=(2a)+e=e+e=2e

n:

2
Therefore, 337 — (n+2 =4e +4e+ 2e = 10e
D.
Evaluate each case:
I:

Use the integral test for this series. The corresponding integral to this series is



17.

18.

f;oxl oy 4. Perform a u substitution, with u = In(x), du = =, then f prres )d =

fl: (2)% = [In(W]in)- Atu = o, In(u) is infinite, so the integral diverges. The Integral
Test Implies that the given series also diverges.
II:
Notice that for positive n,n* >n!=n-(n— 1 ) .+ 1. Therefore, for positive n,
1 1
ny—=np. I
In(n™) =n-In(n) > In(n!), and thus — (n) ln( 5 . Therefore, Y- S
n=2 ln(ln!) From part I of this question, we know that },_ =2 — dlverges By the
Direct Comparison Test, Y. — (1 also diverges.
III:
© 1 1 © 1
n=2 In(n)" Zn 2 pin(nm)™ ) n =2 pnin(in(n)"
1
Define a,, = )
1
i || [T | e in(in(m)
nl—t?o a, o nl—TI;lo b nl_r)?o e(n+1)-In(Iin(n+1))
en~ln(ln(n))
en-ln(ln(n)) bi eln(ln(n))
= ,{‘1{; o in(in(nil)  gln(in(n+ ) ,lll_r,?o (eln(ln(n+1))n Tn(n + ])|
—_1: In(n) . _ , An+1| _
= Tlll_r)zlo ln(n+1)) oy An(n) <In(n+ D). Tlll_r)glol o = (). Therefore, 7lll_r)zzo o | =

0, and by the Ratio Test, ), - b3 (] o converges.

B.

Write f(x) as g(x) - h(x), where g(x) = e*,h(x) = -~ Consider ——to be an infinite
geometric series with a = x and r = x?. Thus, 1_367 = () +x°+x'+...).
Additionally, e* = 1 + x +Z—!2+. ... Therefore, f(x) = g(x) -h(x) =1 +x + j—f +
’;—j...)(x)(l +x2 ) = x(U A x+ (D07 + (D0 + (L +5+Dx' ).
The 4th degree Maclaurin Series Approx. is therefore M,(x) = x + x* + (I + %)x3 +

U+Dx' =x+x+308 + 2 M) = 1+ P 43P + 2 =22 =2 2

6 6 3
B.
This series is of the form Zn 1 for which x = —= If we consider this series to be a
. 1 . .
function f(x) = x + 7 + ? +... evaluated at x = — ~» We can differentiate each term to

obtain f'(x) = I +x + x’+... +x+... For x € (=1, 1), f'(x) is a geometric series with

first term 1 and common ratio x, which implies f'(x) = 1% = %. Thus, f = |

X



2 3
—In|1 — x| + C. To determine C, evaluate f(0) = 0+%+%+...= 0=—In|l-0|+
€ =0+C = C = 0. Therefore, the answer is f (—3) = —In|I +3| = —In() = In(3).

B.
19. Notice that the denominator may be factored as x° + 7x + 12 = (x + 3)(x + 4). Use

partial fraction decomposition to obtain — L -1 _ L Thus, our sum is
(x+3)(x+4) x+3  x+4
1 1 11 11 1 1 1 1
reiles -l = (‘ - )+t G-+G- ‘)+---+(5 - ;) t (G~
= ! + ! + + ! + +...+ ! + ! = ! !
o TR Y S N t ) =35
8 -1 7
24 24

A

] F 1) Vi y1/i
20. Rewrite q; as a; = (x)fx

) Yima /(e 1) D0 (1) 62 i Vi (1) 3 i ig o (et 1) Wi 2 i (1) 0 G

. Now, rationalize the numerator of q;, as follows: a; =

1 e D) DI04 (a4 1) D i i (x4 1) 333/ (ac+ 1) i 24 (x4 1) 02 =D/
_ (x+1) — x
= G+ DEVR0 + (x + DD+ (x + DO 3t +(x + DYGDI 4 (x + 1)0xC-DFi
1

T+ DD + (x + 1)yl (x + DDl +(x + DYix@D/ 1 (x + 1)0xE D/

In the Question, we are told to evaluate Y-, a,(1). Let us write a,(1) as a;(1) =
1
(1+1)E=D/i104 (14+1)E=2)/i11/i4 (141)(E=3)/113/i4  4+(141)1/11(=2)/ 14 (141)02(- D/

1 . . . .
= DD iy Vritten in this form, we can see that the denominator

has i terms being summed, all of which are positive, and less than 2! = 2. This implies

that T) < 2 -1, for all positive i. Therefore, a;(1) > %

Additionally, 2?21% = %Z?‘;l%, which diverges (Harmonic Series). Therefore, Y.;—; a, (1)

diverges.
E
21. A, the area of one petal, is the area under the polar curve from two consecutive instances

of sin(n@) = 0. The 2 lowest positive values for which sin(nf) = 0 are nf = 0, .

Thus, 4,, = éf()n/n r’df = éfn/n sin’(n#) dO. Using u substitution, u = nh, du =
nde, Ay, =3J; sin’(u) = = [ sin’(u) du. Therefore, lim[n- A,] = lim[n

n—oo
1 2 2
f sin?(u) du] —f sin’(u) du = - 0”2 C"Sg Y du [ (sm( u))]
_Am 0 <sin(2n) sin(0)>] I ©
" 21272 4 4 22 4



nn+1)

22. Define the nth triangular number, T;,, as . Thus, the series we must evaluate is

o 1 _yo 2 _syw 1 5y (1 1 I_ 1, r_1,.1_
n=lrp = n=1n(n+1)_2 n=Inm+1) 2 n=1(n n+1) 2 ( + +

§+...)=2-§=2

B
; L
I —— 8n - . n
23. lim ¥l on cimgo oy — L 2= 2n k-ln(n) = lim X T (E T
lim Y& 2n£ . ﬁ = S. Interpreting S as a Riemann Sum representing an integral, S =
n—wo —In(=
8 1 dx n(8) du In(8
g dxe u=lh@,du=0 = f 105 =In W]ty = In(In(8)) —
In(8
n(In(2)) = In(23)
_y 3-n(2), In(3
= In(550) = In(3)

A.

24 f() =2x+307 + 200 + 27 + S+ Sl = (U Dx+ (=D + (1 +
7+ (1= )x +...
=(x+x3+x°+x"+. )+ (x— §x3 + §x5 — £7x7+...). The first term of this sum is
an infinite geometric series with first term x and common ratio x°, while the second term

is the Taylor Series for arctan(x). Therefore, f(x) = ﬁ + arctan(x). f (g) =

V3 \/§
. + arctan( 3) =3 +Z= 5 3+n—3\/§+n
Ned 3_1_16326_6
11—
3
C.
. e ™ . e 2" 4 e M ! @2/e)" +e~!
25. Multiply a,, by = 1 to obtain a,, = ey eI s e en a9y el
e
Thus. Ii — lim @/e)* +e~! Lum[2/e)"+e™! 0+e-! iy
us, lima im = = =
> noe now e~"n2019 4 (2 )n +1 %%[e—nnz"” + (/e + 1 0+0)+1

B.
26. First, the ball travels down by 5. Then, it bounces back up to 3, then down 3, thenup 3 -

% = %, then down ?, and so on. Thus, The total distance travelled by the ball is 5 +

20 + 20 + 2+ =5+ 20+ s+ T +.) = 5+ 26

3/5)

=5+26) =5+25) =5+ 15 = 20.

2/5



27.

28.

29.

30.

3 5
Generally, the Taylor Series of sin(z) about 0 is: sin(z) = z — i—l + % —..=
_n\n., 2n+l
=0 % Plugging in z = x and multiplying by x yields x - sin(x) =
o (_I)nx2n+1 _ o (_1)71 x2n+2
X Yin=0 Cn+ny — en=0 n+1)!
A.
3 5
Generally, the Taylor Series of sin(z) about 0 is: sin(z) = z — % + % —..=
- (—=Dnz2nt! .. e g . sin(2x?)
n=0 " ominn Plugging in z = 2x? and dividing by 2 yields =
N e i PN D i i
n=0 2n+ny ~ “en=0 n+1)!
D.

x? x4 1 x x? . .
lim Y"_ ———=1lmY"_ —.=. |l —= = S. Interpreting S as a Riemann
N0 Zx =0 n? né 5% Zx =0 n on n? p g

Sum,% = dy, % =y, §S= f()] y -+ 1 — y?dy. Perform a u substitution, u = (I —

5 _ 0 Nu ol Nu o, 2 W 1
y),du——Zydy.S—fl _—Zdu—fo Tdu—[g'T]o—g—O—g
A.
If n = 0, then 4, = fon sin(nx)dx = fon sin(0)dx = fon 0dx = 0.
Otherwise, Ay, = [;'  sin(nx) dx = [— Z02y7 = ~ 220D _ (L o ZOSDY ey
is even, cos(nm) = 1, A, = % = (. Ifnis odd, cos(nm) = —1,A, = % = %

Thus, Y=y A, =0+ % + 0+ § + 0+ §+. ... This is a Harmonic Series (the

denominators are an arithmetic series), and therefore this sum diverges
D.



