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#0 Alpha Ciphering  
Suppose  𝑎  and  𝑏  are positive integers that satisfy the following: 
 
 

𝑎! ≡ 0 (mod 216) 
 

𝑏! ≡ 0 (mod 1000) 
 
 
Find the smallest possible value of  𝑎 + 𝑏. 
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#0 Alpha Ciphering  
Let  𝐴  be the third smallest natural number with exactly 15 positive integral 
factors. 
 
Let  𝐵  be the number of ordered triples  (𝑀, 𝐴, 𝜃)  of positive integers that satisfy 
(𝑀஺)ఏ = 64. 
 
A right triangle has one leg of length  √5

ర
  and a hypotenuse of length 

ඥ11 + 2√30
ర

.  The length of the other leg is  √𝐶
ర . 

 
Find  𝐴 + 𝐵 + 𝐶. 
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#0 Alpha Ciphering  
Let  𝑎, 𝑏, 𝑐,  and  𝑑  be real numbers. 
 
 
Suppose  𝑎 ≠ 1  and  3𝑎ସ − 2𝑎ଶ − 1 = 0. 
 
Suppose  𝑏 ≠ 1  and  3𝑏ଵ/ସ − 2𝑏ଵ/ଶ − 1 = 0. 
 
Suppose the equation  𝑥ଶ + 2√2𝑥 + 𝑐 = 0  has  𝑑  distinct real solutions for  𝑥. 
 
Suppose the equation  𝑦ଶ + 2√2𝑦 + 𝑑 = 0  has  𝑐  distinct real solutions for  𝑦. 
 
 
Find  𝑎𝑏𝑐𝑑. 
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#0 Alpha Ciphering  
Suppose  𝑥ସ + 4  factors over  ℤ  as  (𝑥ଶ + 𝑎𝑥 + 𝑏)(𝑥ଶ + 𝑐𝑥 + 𝑑). 
 
 
Suppose  𝑥ସ + 𝑥ଷ + 𝑥 − 1  factors over  ℤ  as  (𝑥ଶ + 𝑒𝑥 + 𝑓)(𝑥ଶ + 𝑔𝑥 + ℎ). 
 
 
Find  𝑎 + 𝑏 + 𝑐 + 𝑑 + 𝑒 + 𝑓 + 𝑔 + ℎ. 
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#0 Alpha Ciphering  
Going at 30 mph, Alice would arrive one minute early. Going at 20 mph, she 
would arrive one minute late. Going at  𝐴  mph, she would arrive exactly on time. 
 
 
Bob starts with 100 mL of a 99% acid solution. He magically extracts  𝐵  mL of 
pure acid, leaving behind a solution that is only 98% acid. 
 
 
Find  𝐴 + 𝐵. 

 

#4 Theta Bowl 
MANational Convention 2019 

#0 Alpha Ciphering  
Going at 30 mph, Alice would arrive one minute early. Going at 20 mph, she 
would arrive one minute late. Going at  𝐴  mph, she would arrive exactly on time. 
 
 
Bob starts with 100 mL of a 99% acid solution. He magically extracts  𝐵  mL of 
pure acid, leaving behind a solution that is only 98% acid. 
 
 
Find  𝐴 + 𝐵. 



#5 Theta Bowl 
MA National Convention 2019 

#0 Alpha Ciphering  
Suppose  𝑥  and  𝑦  are rational numbers that satisfy the following: 
 
 

15𝑥ଷ + 17𝑥ଶ − 11𝑥 − 12 = 0 
 
 

15𝑦ଷ − 11𝑦ଶ − 3𝑦 − 12 = 0 
 
 
Find  𝑥𝑦. 
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#0 Alpha Ciphering  
Let  𝐴  be the sum of the distinct real solutions for  𝑥: 
 

(𝑥ଶ + 5𝑥 + 5)௫ାହ = 1 
 
 
Let  𝐵  be the sum of the distinct real solutions for  𝑦: 
 

log(2 + 𝑦) + 2 log 𝑦 + log(2 − 𝑦) = 0 
 
 
Find  𝐴ଶ + 𝐵ଶ. 
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#0 Alpha Ciphering  
Circles  𝐶ଵ,  𝐶ଶ,  𝐶ଷ,  and  𝐶ସ  have diameters  𝑎,  𝑏,  𝑐,  and  𝑑,  respectively. 
 
 
𝐶ଵ  is circumscribed about a triangle with side lengths  3,  4,  and  5. 
 
𝐶ଶ  is circumscribed about a parallelogram with side lengths  1,  2,  1,  and  2. 
 
𝐶ଷ  is circumscribed about a kite with side lengths  1,  1,  2,  and  2. 
 
𝐶ସ  is circumscribed about a regular hexagon whose sides each have length  1. 
 
 
Find  𝑎𝑏𝑐𝑑. 
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#0 Alpha Ciphering  
Let  𝑎  and  𝑏  be positive real numbers. 
 
 

Suppose  𝑎 = 3 + ට𝑎 + ඥ𝑎 + √𝑎 +⋯ . 

 

Suppose  𝑏 = 3 − ට𝑏 + ඥ𝑏 + √𝑏 +⋯ . 

 
 
Find  𝑎 + 𝑏. 
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#0 Alpha Ciphering  
Suppose  𝑓  and  𝑔  are functions that satisfy the following for all real numbers  𝑥: 
 
 

2𝑓(𝑥) + 𝑓(1 − 𝑥) = 𝑥 
 
 

𝑔൫𝑔(𝑥)൯ = 𝑥ସ + 2𝑥ଷ − 2𝑥ଶ − 3𝑥 
 
 

(𝑓𝑔)(0)  is rational and nonzero. 
 
 
Find  (𝑓𝑔)(0). 
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#0 Alpha Ciphering  
Find  𝑥 + 𝑦 + 𝑧.  (Diagram not drawn to scale. Don’t assume lines are parallel.) 
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#0 Alpha Ciphering  
Find  𝑥 + 𝑦 + 𝑧.  (Diagram not drawn to scale. Don’t assume lines are parallel.) 
 
 
 
 

𝑧° 

(90 − 𝑥)° 

(3𝑧)° 

(3𝑧)° 

𝑦° (𝑥 + 45)° 

(4𝑧)° 

(𝑥 + 90)° 

𝑧° 

(90 − 𝑥)° 

(3𝑧)° 

(3𝑧)° 

𝑦° (𝑥 + 45)° 

(4𝑧)° 

(𝑥 + 90)° 
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#0 Alpha Ciphering  
A rectangular prism has length  2 + √3,  width  2 − √3,  and height  1. 
 
Let  𝑉  be its volume, let  𝑆  be its surface area, and let  𝑑  be the diameter of its 

circumscribed sphere. Finally, let  𝐴 =
௏ௌ

ௗమ
. 

 
 
Suppose  𝑥, 𝑦,  and  𝑧  are positive real numbers that satisfy the following: 

𝑥𝑦𝑧 = 1 
𝑦𝑧 + 𝑧𝑥 + 𝑥𝑦 = 5 
𝑥ଶ + 𝑦ଶ + 𝑧ଶ = 15 

Let  𝐵 = min(𝑥, 𝑦, 𝑧) +max(𝑥, 𝑦, 𝑧). 
 
 
Find  𝐴𝐵. 
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#0 Alpha Ciphering  
Suppose  𝐴𝐵തതതത ≅ 𝐵𝐶തതതത ≅ 𝐶𝐷തതതത ≅ 𝐷𝐸തതതത.  Find  𝑥 + 𝑦 + 𝑧.  (Diagram not drawn to scale.) 
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50° 

𝑥° 

60° 

𝐵 

𝐶 

𝐷 

𝐴 𝐸 

𝑦° 
𝑧° 

50° 

𝑥° 

60° 

𝐵 

𝐶 

𝐷 

𝐴 𝐸 

𝑦° 
𝑧° 
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#0 Alpha Ciphering  
Let  𝐴, 𝐵, 𝐶,  and  𝐷  be points in the  𝑥𝑦-plane. 
 
 
Suppose  𝐴  is equidistant from  (0, 0),  (0, 1),  and  (2, 0). 
 
Suppose  𝐵  is equidistant from  (0, 0),  (2, 0),  and  (0, -3). 
 
Suppose  𝐶  is equidistant from  (0, 0),  (0, -3),  and  (-4, 0). 
 
Suppose  𝐷  is equidistant from  (0, 0),  (-4, 0),  and  (0, 1). 
 
 
Find the area of  𝐴𝐵𝐶𝐷. 
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#0 Alpha Ciphering  
Let  𝐴  be the number of distinct real solutions for  𝑥: 
 

2௫𝑥ସ + 4௫ + 𝑥ଶ = 𝑥ଶ4௫ + 𝑥ସ + 2௫ 
 
Let  𝐵  be the product of the distinct real solutions for  𝑦: 
 

|𝑦ଶ − 𝑦 − 2| + |4 − 𝑦ଶ| + |𝑦ଶ + 3𝑦 + 2| = 𝑦ଶ + 2𝑦 + 4 
 
Find  𝐴 + 𝐵. 
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Let  𝐴  be the number of distinct real solutions for  𝑥: 
 

2௫𝑥ସ + 4௫ + 𝑥ଶ = 𝑥ଶ4௫ + 𝑥ସ + 2௫ 
 
Let  𝐵  be the product of the distinct real solutions for  𝑦: 
 

|𝑦ଶ − 𝑦 − 2| + |4 − 𝑦ଶ| + |𝑦ଶ + 3𝑦 + 2| = 𝑦ଶ + 2𝑦 + 4 
 
Find  𝐴 + 𝐵. 



 


