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0. Since  216 = 6ଷ,  𝑎!  must be divisible by both  2ଷ  and  3ଷ.  The smallest 
such  𝑎  is  9.  Since  1000 = 5ଷ,  𝑏!  must be divisible by both  2ଷ  and  5ଷ.  
The smallest such  𝑏  is  15.  The sum is  𝟐𝟒. 

 
1. A- The number must be  a prime raised to 2nd power times one raised to the 

4th power

4 2

4 2

4 2

2 3 144
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  400 is our answer 
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 A total of 9 

C-
4

4
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  

   
 answer is 6 

 
400+9+6= 415 

 
2. 0 = 3𝑎ସ − 2𝑎ଶ − 1 = (3𝑎ଶ + 1)(𝑎ଶ − 1),  so  𝑎ଶ = 1,  so  𝑎 = −1. 

0 = 2𝑏ଵ/ଶ − 3𝑏ଵ/ସ + 1 = (2𝑏ଵ/ସ − 1)(𝑏ଵ/ସ + 1),  so  𝑏ଵ/ସ =
ଵ

ଶ
,  so  𝑏 =

ଵ

ଵ଺
.  

Since  𝑐, 𝑑 ∈ {0,1,2},  both quadratics have roots, so  𝑐, 𝑑 ≠ 0.  If  𝑐 = 1,  then  

𝑑 = 2,  and vice versa. Hence the product is  −
𝟏

𝟖
  or  −𝟎. 𝟏𝟐𝟓. 

 
3. 𝑥ସ + 4 = (𝑥ସ + 4𝑥ଶ + 4) − (4𝑥ଶ) = (𝑥ଶ + 2)ଶ − (2𝑥)ଶ 
= (𝑥ଶ + 2𝑥 + 2)(𝑥ଶ − 2𝑥 + 2),  and 
𝑥ସ + 𝑥ଷ + 𝑥 − 1 = (𝑥ସ − 1) + (𝑥ଷ + 𝑥) = (𝑥ଶ − 1)(𝑥ଶ + 1) + 𝑥(𝑥ଶ + 1)  
= (𝑥ଶ + 𝑥 − 1)(𝑥ଶ + 1),  so  𝑎 + 𝑏 + 𝑐 + 𝑑 + 𝑒 + 𝑓 + 𝑔 + ℎ = 𝟓. 

 
4. Let the appointment be in  𝑥  hours. Suppose Alice would be  𝑦  hours early 

going at 30 mph, and  𝑦  hours late going at 20 mph. (The value of  𝑦  is 
irrelevant.) Then she must travel  30(𝑥 − 𝑦) = 20(𝑥 + 𝑦)  miles, so to arrive 

exactly on time, she must go at  
ଶ∙ଷ଴(௫ି௬)ାଷ∙ଶ଴(௫ା௬)

ହ௫
=

ଵଶ଴௫

ହ௫
= 24  mph. 

(Trivia: this is the harmonic mean of 30 mph and 20 mph.) 



 
The initial solution has 1 mL of non-acid. Since this is 2% of the leftover 
solution, Bob must have extracted 50 mL of acid. The sum is  𝟕𝟒. 
 

5. The rational root theorem helps us factor:  (5𝑥 + 4)(3𝑥ଶ + 𝑥 − 3) = 0  and  

(3𝑦 − 4)(5𝑦ଶ + 3𝑦 + 3) = 0.  The only rational solutions are  𝑥 = −
ସ

ହ
  and  

𝑦 =
ସ

ଷ
 ,  so  𝑥𝑦 = −

𝟏𝟔

𝟏𝟓
 . 

 
6. If  𝑥ଶ + 5𝑥 + 5 = 1,  then  (𝑥 + 4)(𝑥 + 1) = 0,  so  𝑥 = −4  or  𝑥 = −1.  

If  𝑥ଶ + 5𝑥 + 5 = −1,  then  (𝑥 + 3)(𝑥 + 2) = 0,  so  𝑥 = −3.  (𝑥 = −2  
doesn’t work.)  Finally, if  𝑥 + 5 = 0,  then  𝑥 = −5.  So  𝐴 = −13. 
 
0 = log(4 − 𝑦ଶ) + log(𝑦ଶ) = log(4𝑦ଶ − 𝑦ସ),  so  4𝑦ଶ − 𝑦ସ = 1,  so 

𝑦ସ − 4𝑦ଶ + 1 = 0,  so  𝑦ଶ =
ସ±ଶ√ଷ

ଶ
.  Since  0 < 𝑦 < 2  (or else the logarithms 

would be undefined),  𝑦 = ටସ±ଶ√ଷ

ଶ
=

ඥସ±ଶ√ଷ

√ଶ
=

√ଷ±ଵ

√ଶ
,  so  𝐵 =

ଶ√ଷ

√ଶ
= √6. 

Finally,  𝐴ଶ + 𝐵ଶ = 𝟏𝟕𝟓. 
 

7. 𝐶ଵ  has diameter  5  (the hypotenuse of the right triangle). Because opposite 
angles of a cyclic quadrilateral are supplementary, the parallelogram must be a 
rectangle, so  𝐶ଶ  has diameter  √5  (the diagonal of the rectangle). Similarly, 
the kite must have a right angle between a side of length  1  and a side of 
length  2,  so  𝐶ଷ  also has diameter  √5.  The distance from the center of the 
hexagon to any vertex is  1  (since the hexagon can be dissected into six 
equilateral triangles), so  𝐶ସ  has diameter  2.  Finally,  𝑎𝑏𝑐𝑑 = 𝟓𝟎. 

 

8. 𝑎 − 3 = ට𝑎 + ඥ𝑎 + √𝑎 +⋯ = ඥ𝑎 + (𝑎 − 3),  so  (𝑎 − 3)ଶ = 2𝑎 − 3,  so  

0 = 𝑎ଶ − 8𝑎 + 12 = (𝑎 − 6)(𝑎 − 2),  so (since  𝑎 > 3)  𝑎 = 6. 

3 − 𝑏 = ට𝑏 + ඥ𝑏 + √𝑏 +⋯ = ඥ𝑏 + (3 − 𝑏),  so  𝑏 = 3 − √3. 

Hence  𝑎 + 𝑏 = 𝟗 − √𝟑  or  −√𝟑 + 𝟗. 
 



9. Setting  𝑥 = 0  gives us  2𝑓(0) + 𝑓(1) = 0.  Setting  𝑥 = 1  gives us 
2𝑓(1) + 𝑓(0) = 1.  Subtracting the second equation from twice the first  

gives us  3𝑓(0) = −1,  so  𝑓(0) = −
ଵ

ଷ
 . 

 
 

Let  𝑎 = 𝑔(0).  Then  𝑔(𝑎) = 𝑔൫𝑔(0)൯ = 0,  so  𝑔൫𝑔(𝑎)൯ = 𝑔(0) = 𝑎.  
Since  𝑔൫𝑔(𝑎)൯ = 𝑎ସ + 2𝑎ଷ − 2𝑎ଶ − 3𝑎,  this gives us                               
0 = 𝑎ସ + 2𝑎ଷ − 2𝑎ଶ − 4𝑎 = 𝑎ଷ(𝑎 + 2) − 2𝑎(𝑎 + 2) = 𝑎(𝑎ଶ − 2)(𝑎 + 2). 

Since  (𝑓𝑔)(0)  is rational and nonzero, we get  𝑎 = −2,  so  (𝑓𝑔)(0) =
𝟐

𝟑
 . 

 

(Note that such functions exist:  𝑓(𝑥) = 𝑥 −
ଵ

ଷ
  and  𝑔(𝑥) = 𝑥ଶ + 𝑥 − 2  

satisfy the conditions.) 
 

10. There are nine points of intersection. From left to right, let  𝐴, 𝐵,  and  𝐶  
be the top three points, let  𝐷, 𝐸,  and  𝐹  be the middle three points, and let  
𝐺, 𝐻,  and  𝐼  be the bottom three points. Then  𝑚∠𝐺𝐷𝐸 +𝑚∠𝐸𝐹𝐼 = 180,  so  
𝐴𝐺ሬ⃖ሬሬሬ⃗ ∥ 𝐶𝐼ሬ⃖ሬ⃗ ,  so  (𝑧) + (4𝑧) = 180,  so  𝑧 = 36.  Also,  𝑚∠𝐷𝐸𝐵 = 𝑚∠𝐺𝐻𝐸,  so  
𝐷𝐹ሬ⃖ሬሬሬ⃗ ∥ 𝐺𝐼ሬ⃖ሬ⃗ ,  so  (𝑥 + 90) + (𝑧) = 180,  so  𝑥 = 54.  Finally, in quadrilateral  
𝐴𝐵𝐻𝐺,  (𝑥 + 45) + 𝑚∠𝐴𝐵𝐻 + (3𝑧) + (𝑧) = 360,  so  𝑚∠𝐴𝐵𝐻 = 117,  so  
𝑦 = 63.  The sum is  54 + 63 + 36 = 𝟏𝟓𝟑. 

 
11. First part:  Let  𝑙 = 2 + √3, 𝑤 = 2 − √3,  and  ℎ = 1.  Then 
𝑉 = 𝑙𝑤ℎ = 1, 𝑆 = 2(𝑙𝑤 + 𝑙ℎ + 𝑤ℎ) = 2(1 + 2 + √3 + 2 − √3) = 10,  and  

𝑑ଶ = 𝑙ଶ + 𝑤ଶ + ℎଶ = 7 + 7 + 1 = 15,  so  𝐴 =
(ଵ)(ଵ଴)

ଵହ
=

ଶ

ଷ
. 

 
Second part, hard method:  (𝑥ଶ + 𝑦ଶ + 𝑧ଶ) + 2(𝑦𝑧 + 𝑧𝑥 + 𝑥𝑦) = 25,  so 
(since  𝑥, 𝑦, 𝑧 > 0)  𝑥 + 𝑦 + 𝑧 = √25 = 5.  Since the sum of  𝑥, 𝑦,  and  𝑧  is  
5,  the sum of their pairwise products is  5,  and their product is  1,  they must 
be the roots of  𝑟ଷ − 5𝑟ଶ + 5𝑟 − 1 = (𝑟 − 1)(𝑟ଶ − 4𝑟 + 1).  The smallest 

and largest roots are  2 − √3  and  2 + √3.  Their sum is  4,  so  𝐴𝐵 =
𝟖

𝟑
. 

 
Second part, easy method:  Let  𝑥, 𝑦,  and  𝑧  represent the dimensions of a 
rectangular prism. Then the volume is  1,  the surface area is  10,  and the 
square of the diagonal’s length is  15.  This is precisely the situation described 



in the first part of the problem, so  𝑥, 𝑦,  and  𝑧  are  2 + √3,  2 − √3,  and  1,  

in some order. The sum of the smallest and the largest is  4,  so  𝐴𝐵 =
𝟖

𝟑
. 

 
 

12. Since the entire triangle’s angle measures must add to 180,  𝑧 = 70.        
∆𝐴𝐵𝐶  and  ∆𝐶𝐷𝐸  are isosceles, so  𝑚∠𝐴𝐶𝐵 = 50, 𝑚∠𝐸𝐶𝐷 = 70,  and  
𝑚∠𝐶𝐷𝐸 = 40.  Since  𝑦 = 180 − 50 − 70 = 60  and  ∆𝐵𝐶𝐷  is isosceles,  
𝑚∠𝐶𝐵𝐷 = 𝑚∠𝐶𝐷𝐵 = 60.  So finally,  𝑥 = 180 − 60 − 40 = 80,  and     
𝑥 + 𝑦 + 𝑧 = 𝟐𝟏𝟎. 

  
13. Let  𝑂, 𝐸, 𝐹, 𝐺,  and  𝐻  be the points  (0, 0),  (0, 1),  (2, 0),  (0, -3),  and 

(-4, 0),  respectively.  Then  ∆𝑂𝐸𝐹, ∆𝑂𝐹𝐺, ∆𝑂𝐺𝐻,  and  ∆𝑂𝐻𝐸  are right 
triangles, so  𝐴, 𝐵, 𝐶,  and  𝐷  are the midpoints of the hypotenuses, so  𝐴𝐵𝐶𝐷  
is a parallelogram whose area is half the area of  𝐸𝐹𝐺𝐻.  The area of  𝐸𝐹𝐺𝐻  

is  
ଵ

ଶ
(6 ∙ 1 + 6 ∙ 3) = 12,  so the area of  𝐴𝐵𝐶𝐷  is  𝟔. 

 
14. Let  𝑎 = 2௫  and  𝑏 = 𝑥ଶ.  Then  𝑎𝑏ଶ + 𝑎ଶ + 𝑏 = 𝑏𝑎ଶ + 𝑏ଶ + 𝑎,  so  
0 = 𝑏𝑎ଶ − 𝑎𝑏ଶ + 𝑏ଶ − 𝑎ଶ + 𝑎 − 𝑏 = 𝑎𝑏(𝑎 − 𝑏) − (𝑎 + 𝑏)(𝑎 − 𝑏) + 𝑎 − 𝑏 
= (𝑎𝑏 − 𝑎 − 𝑏 + 1)(𝑎 − 𝑏) = (𝑎 − 1)(𝑏 − 1)(𝑎 − 𝑏),  so  𝑎 = 1,  𝑏 = 1,  or  
𝑎 = 𝑏.  If  2௫ = 1,  then  𝑥 = 0.  If  𝑥ଶ = 1,  then  𝑥 = ±1.  By graphing, we 
see that  2௫ = 𝑥ଶ  has three solutions  (𝑥 = 2, 𝑥 = 4,  and one negative 
solution), so there are  𝟔  solutions in total. 
 
Since  (𝑥ଶ − 𝑥 − 2) + (4 − 𝑥ଶ) + (𝑥ଶ + 3𝑥 + 2) = 𝑥ଶ + 2𝑥 + 4,  we have  
𝑥ଶ − 𝑥 − 2 ≥ 0,  4 − 𝑥ଶ ≥ 0,  and  𝑥ଶ + 3𝑥 + 2 ≥ 0.  The solution sets to 
these inequalities are  (−∞,−1] ∪ [2,∞),  [−2,2],  and (−∞,−2] ∪ [−1,∞). 
Their intersection is  {−2, −1,2},  so  𝐴 = 4. 
 
6+4=10 
 


