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“NOTA” stands for none of the above answers is correct. Good luck and have fun! 

You may assume that all fractions, radicals, and logarithms in answers are completely simplified. 

All trigonometric arcfunctions have their traditional domains and ranges, unless otherwise noted.   

1.) Consider the parabolic function 𝑃(𝑥) = 3𝑥2 − 4𝑘𝑥 + 7. 𝑃(𝑥) has only one real root. The positive 

value of 𝑘 can be written in the form 
√𝑚

𝑛
. Find 𝑚 + 𝑛. 

 

A) 23   B) 25   C) 89   D) 101      E) NOTA 

 

2.) Convert the following rectangular equation to polar form: 𝑥2 + 𝑦2 = 2𝑦. 

 

A) 𝒓 = 𝟐 𝐜𝐨𝐬 𝜽  B) 𝒓 =  −𝟐 𝐜𝐨𝐬 𝜽 C) 𝒓 = 𝟐 𝐬𝐢𝐧 𝜽  D) 𝒓 =  −𝟐 𝐬𝐢𝐧 𝜽    E) NOTA  

 

3.) The vertex of the graph of the following parametric equations can be written in the form (𝐴, 𝐵). Find 

the product 𝐴𝐵. 

𝑥 =  
𝑡

2
+ 1 

𝑦 =  𝑡2 − 1 

 

A) −𝟓   B) −𝟏   C) 4   D) 6       E) NOTA 

 

4.) How many integral solutions exist for the following inequality?  

𝑥 + 1 ≤ 2𝑥 + 3 ≤ −3𝑥 + 8 

 

A) 4   B) 5   C) 6   D) Infinitely Many   E) NOTA 

 

5.) The distance from the point (𝑎, 𝑏) to the origin is 8. The arithmetic mean of 𝑎 and 𝑏 is 5. Find 𝑎𝑏. 

 

A)  −
𝟑𝟗

𝟐
  B)  

𝟏𝟕

𝟐
   C) 18   D) 46          E) NOTA 
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6.) The 𝑥 solution for the following equation is also the area of circle P. Find the radius of circle P. 

√𝑥 + 1 =  √2𝑥 − 5 + 1  

 

A)  
√𝟑𝝅

𝝅
   B)  

√𝟏𝟓𝝅

𝝅
  C)  

𝟑√𝝅

𝝅
   D)  

𝟏𝟓√𝝅

𝝅
   E) NOTA 

 

7.) Find the value of the ordinate value of the vertex of 𝑄(𝑥) given that 𝑄(𝑥) = 3𝑥2 − 5𝑥 + 11.  

 

A) 𝟏𝟏   B)  
𝟓

𝟑
   C)  

𝟓

𝟔
   D)  

𝟏𝟎𝟕

𝟏𝟐
         E) NOTA 

 

8.) How many integral solutions exist for the following inequality?             |2𝑥 − 3| < 5 

 

A) 4   B) 6   C) 8   D) 21         E) NOTA 

 

9.) Find the sum of the solutions within the domain 0 ≤ 𝑥 < 2𝜋: sec4𝑥 − 6 tan2 𝑥 + 2 = 0. 

 

A) 𝟒𝝅 + 𝟒√𝐭𝐚𝐧−𝟏 𝟑 B) 𝟒𝝅 + 𝟖√𝐭𝐚𝐧−𝟏 𝟑 C) 𝟔𝝅   D) 𝟖𝝅          E) NOTA 

 

10.) Which of the following is the acute angle between the vectors 〈−3, 5, 2〉 and 〈1, 2, 4〉? 

 

A) 𝐜𝐨𝐬−𝟏 𝟏𝟓√𝟓

𝟓𝟗
  B) 𝐜𝐨𝐬−𝟏 𝟓√𝟕𝟗𝟖

𝟐𝟔𝟔
  C) 𝐜𝐨𝐬−𝟏 𝟏𝟑√𝟏𝟑𝟑

𝟐𝟔𝟔
 D) 𝐜𝐨𝐬−𝟏 √𝟕𝟗𝟖

𝟕𝟗𝟖
        E) NOTA 

 

11.) Given that 𝑓(𝑥) =  𝑥2 − 5𝑥 + 1 and 𝑔(𝑥) =  
1

𝑥−5
 find 𝑓 (𝑔(𝑔(4))). 

 

A)  −
𝟏

𝟔
   B)  −

𝟑

𝟏𝟔
   C)  

𝟏

𝟐
   D)  

𝟔𝟕

𝟑𝟔
          E) NOTA 
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12.) Consider the polynomial 𝑃(𝑥) =  
1

4
𝑥2 + 1. A triangle is constructed such that one of its vertices is 

the focus of the graph of 𝑃; call this point A. Another one of its vertices is located at one of the points 

where the polynomial and its latus rectum intersects; call this point B. The last point of the triangle is 

located on the directrix of the polynomial such that the distance from it and point B is minimized; call 

this point C. Find the area of ∆𝐴𝐵𝐶. 

 

A)  
𝟏

𝟖
   B)   

𝟏

𝟐
   C) 𝟏   D) 2         E) NOTA 

 

13.) Find the sum of the squares of all possible real values of 𝑥 that can make the system of equations     

|𝑦| −
2𝑥

|𝑥|
= −1 and 𝑥|𝑥| + 𝑦|𝑦| = 24 true. 

 

A) 44   B) 46   C) 48   D) 50           E) NOTA 

 

14.) Simplify:   

𝑥−1

𝑥+1
 ÷ 

𝑥−1

𝑥
𝑥

𝑥+1
− 

1

𝑥−1

  where defined. 

 

A)  
𝒙

𝒙−𝟏
   B)  

(𝒙−𝟏)𝟐

𝒙
  C)  

𝒙(𝒙−𝟏)

𝒙𝟐−𝟐𝒙−𝟏
  D)  

𝒙𝟐−𝟐𝒙−𝟏

𝒙−𝟏
         E) NOTA 

 

15.) Solve: 2𝑥2 − 11𝑥 − 40 ≥ 0. 

 

A) (−∞,
−𝟓

𝟐
] ∪ [𝟖, ∞)  B) (−∞, −𝟖] ∪ [

𝟓

𝟐
, ∞)    C) [

−𝟓

𝟐
, 𝟖]   

D) [−𝟖,
𝟓

𝟐
]          E) NOTA 

 

16.) Solve: sin 2𝜃 = cos 𝜃. 

(Note: 𝑛 represents an arbitrary integer) 

 

A) 𝜽 = 𝟐𝝅𝒏 +
𝝅

𝟔
, 𝟐𝝅𝒏 +

𝟓𝝅

𝟔
, 𝝅𝒏 +

𝝅

𝟐
     B) 𝜽 𝜽 = 𝟐𝝅𝒏 +

𝝅

𝟔
, 𝟐𝝅𝒏 +

𝟓𝝅

𝟔
, 𝝅𝒏   

C)  𝜽 = 𝟐𝝅𝒏 +
𝝅

𝟑
, 𝟐𝝅𝒏 +

𝟐𝝅

𝟑
, 𝝅𝒏 +

𝝅

𝟐
    D) 𝜽 = 𝟐𝝅𝒏 +

𝝅

𝟑
, 𝟐𝝅𝒏 +

𝟓𝝅

𝟑
, 𝝅𝒏 +

𝝅

𝟐
 E) NOTA 
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17.) Evaluate: lim
𝑥→∞

𝑥4− 6𝑥3+ 𝑥2− 𝑥7+ 𝑥−1

2𝑥4+𝑥3− 𝑥2−6𝑥+5
. 

 

A) −𝟏   B)  
−𝟏

𝟐
   C)  

𝟏

𝟐
   D) 1  E) NOTA 

 

18.) The eccentricity of 2𝑥2 +  𝑦2 + 12𝑥 + 4𝑦 − 22 = 0 can be written in the form 
√𝑚

𝑛
 when fully 

reduced. Find the units digit of 𝑚 + 𝑛. 

 

A) 0   B) 4   C) 7   D) 8  E) NOTA 

 

19.) A circle whose center is (-4,9) with radius 4 can be written in the form  

𝐴𝑥2 + 𝐶𝑦2 + 𝐷𝑥 + 𝐸𝑦 + 𝐹 = 0, where all variables are integers, 𝐴 is positive, and 𝐷 and 𝐹 are 

relatively prime. Find the units digit of 𝐴 + 𝐶 + 𝐷 + 𝐸 + 𝐹. 

 

A) 3   B) 4   C) 7   D) 9  E) NOTA 

 

20.) Simplify the expression: 
1+cos 𝑥

sin 𝑥
 ∙  

1−cos 𝑥

cot 𝑥
 where defined. 

 

A) − 𝐬𝐢𝐧 𝒙  B) 𝐜𝐨𝐬 𝒙  C) 
𝐬𝐢𝐧𝟐 𝒙

𝐜𝐨𝐬 𝒙
   D) 𝐭𝐚𝐧 𝒙       E) NOTA 

 

21.) Evaluate: lim
ℎ→0

𝑓(𝑥+ℎ) −𝑓(𝑥)

ℎ
 if 𝑓(𝑥) = 𝑥2 + 6𝑥 + 9. 

 

A) 2x + 6  B) 2x – 6  C) x+3   D) x – 3  E) NOTA 

 

22.) Find 𝑓−1(𝑥) given that 𝑓(𝑥) =
𝑥+1

𝑥−1
 . 

A)  
𝟏−𝒙

𝒙+𝟏
   B)  

𝒙+𝟏

𝟏−𝒙
   C)  

𝒙+𝟏

𝒙−𝟏
    D)  

𝒙−𝟏

𝒙+𝟏
       E) NOTA 

 

  



Alpha Equations and Inequalities           MAO National Convention 2022 

5 
 

23.) Find the area of the region bounded by the graph: |2𝑥| + |𝑦 − 1| = 8 

 

A) 32   B) 48   C) 64   D) 128       E) NOTA 

 

24.) Solve, where 0 ≤ 𝑥 ≤
𝜋

2
 is an acute angle: sin(cos−1(tan (cos−1( tan 𝑥)))) = 1. 

 

A) 𝟎   B)  
𝝅

𝟒
   C)  

𝝅

𝟑
   D)  

𝝅

𝟐
        E) NOTA 

 

25.) Let ⌊𝑥⌋ represent the greatest integer less than or equal to 𝑥 (the floor function).  

Find the sum of all possible values of 𝑏, where (𝑎, 𝑏, 𝑐) is an ordered triple of positive real numbers that 

satisfies the following system of equations. 

⌊𝑎⌋ ∙ 𝑏 ∙ 𝑐 = 3 

𝑎 ∙ ⌊𝑏⌋ ∙ 𝑐 = 4 

𝑎 ∙ 𝑏 ∙ ⌊𝑐⌋ = 5 

A)  
𝟏𝟕√𝟑𝟎

𝟏𝟐
  B)  

𝟐√𝟏𝟓

𝟑
   C)  

√𝟑𝟎

𝟐
   D)  

𝟑√𝟑𝟎

𝟒
 E) NOTA 

 

26.) Which of the following is/are true? 

I. If two lines in the 𝑥𝑦-plane are perpendicular, then the product of their slopes is -1 

II. If a line is tangent is to a circle, then the intersection of the line and a radius of the circle forms right 

angles. 

III. The graph of the function 𝑓(𝑥) =  
𝑥2

𝑥
 has an asymptote at 𝑥 = 0 

 

A) I only  B) II only  C) I and III  D) II and III    E) NOTA 

 

27.) If 𝑔(𝑥) =
𝑥−2

2𝑥+1
  find 𝑔′(2). 

 

A) 
𝟏

𝟐𝟓
   B)  

𝟏

𝟐𝟎
   C)  

𝟏

𝟏𝟎
   D)  

𝟏

𝟓
      E) NOTA 
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28.) Which of the following is the value of tan (
𝑥

2
) given that cos 𝑥 =

𝑎

𝑏
 where both a and b are positive 

and that 
3𝜋

2
≤ 𝑥 ≤ 2𝜋. 

 

A)  
√𝒃𝟐−𝒂𝟐

𝒂−𝒃
  B)  

√𝒃𝟐−𝒂𝟐

𝒃−𝒂
  C)  

−√𝒃𝟐−𝒂𝟐

𝒃+𝒂
  D)  

√𝒃𝟐−𝒂𝟐

𝒃+𝒂
      E) NOTA 

  

For questions 29 and 30 note that cosh 𝑥 =  
ⅇ𝑥+ⅇ−𝑥

2
 and sinh 𝑥 =

ⅇ𝑥−ⅇ−𝑥

2
. 

 

29.) If sinh 𝑥 =  
2

3
, then 𝑥 can be written in the form ln (

𝑎+√𝑏

𝑐
). Find 𝑎 + 𝑏 + 𝑐. 

 

A) 16   B) 18   C) 20   D) 24       E) NOTA 

 

30.) The solution for the equation 2 cosh 2𝑥 + 6 sinh 2𝑥 = 12 can be written in the form (
1

𝑎
) ln (

𝑏+ √𝑐

𝑑
)  

(which is fully in simplest form). Find 𝑎 + 𝑏 + 𝑐 + 𝑑. 

 

A) 16   B) 18   C) 20   D) 24     E) NOTA 

  

 

 


