Mu Differential Equations 2022 Mu Alpha Theta National Convention

For each of the following questions, E) NOTA should be answered when None Of The Answers listed are
correct. Throughout, f(”) (x) represents the nt" derivative with respect to x, and the 0t" derivative is
the function itself. Good luck and Have Fun!

(1) Ifxy" = yandy(20) = 22, how many possible values are there for y(2022)?
@ 0 (b) 1 (c) 2
(d 3 (e)  NOTA

(2) Ifxy" =y and y(20) = 22, how many possible values are there for y(—2022)?
@ 0 (b) 1 (c) 2
(d 3 (e)  NOTA

(3) Ifxy' =y sin(x) and y(20) = 22, how many possible values are there for y(—2022)?
(a) 0 (b) 1 (c) 2
(d 3 (e)  NOTA

(4) Ifyy" = —x and y(20) = 22, how many possible values are there for y(2022)?
(a) 0 (b) 1 (c) 2
(d 3 (e)  NOTA

(5) Findy(2)ify" =3x% + 2and y(1) = 5.
@ 8 (b) 10 (c) 12
(d 14 (e)  NOTA

(6) Find y(2v2)ify’ = xVxZ + 8and y(1) = 5.

(a) - (b) - (c) -

(d) — (e) NOTA
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(7) Findy(1) ify" = 22xe¥ and y(0) = In (i)
(a) —In(44) (b) —In(22) (c) —In(11)
(d) —In(5.5) (e) NOTA

(8) Findy(2)ify' =2xy—2x—y+1landy(1) =5.
(a) 1+ 4e? (b) 1 — 4e? (c) 4e? —1
(d) —4e? —1 (e) NOTA

(9) A certain population P(t) of animals is governed by the differential equation

% = kP (2022 — P). If a population with an initial number of 20 animals has 22 animals after

one year, find which of the following is closest to lim;_, P(t).
(a) 0 (b) 20 (c) 22
(d) 2022 (e) NOTA
(10) A 4-1b roast, initially at 50° F, is placed in a 400° F oven at 5:00 P.M. After 50

minutes it is found that the temperature T (t) of the roast is 150° F. When will the
roast be 200° F? Assume the system obeys Newton’s Law of Cooling.

50 ln(%) 50 ln(g) 25 ln(%)
SN ® g S TNE)
25 ln(g)

(d) 2]n(§) (E) NOTA

(11) Torricelli’s Law states that if a tank with liquid of volume V is draining from a hole in the bottom

with area a, then the depth of the water at time t, y(t), is governed by the differential equation

% = —a./2gy. Assume g = 32 ft/s?. A hemispherical bow! has top radius 4 ft and at time

t = 0 is full of water. At that moment a circular hole with diameter 4 in. is opened in the
bottom of the tank. How long will it take (in seconds) for all the water to drain from the tank?

168 224 336

(a) (b) ()

(d) % (e)  NOTA
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(12) Find y (%) if y' + tan(x) y = 2sec(x) and y (g) = 3v2.
(@ 1+3V2 (b) 1+2V3 (€ 1-3V2

(d) 1-2V3 (e) NOTA

(13) A 120 gal tank initially contains 90 Ib of salt dissolved in 90 gal of water. Brine containing 2
Ib/gal of salt flows into the tank at the rate of 4 gal/min, and the perfectly stirred mixture flows
out of the tank at the rate of 3 gal/min. How much salt (in Ibs) does the tank contain when it is

full?
6465 6465 6465
@ = b = @ =
6465
(d) 7 (E) NOTA

(14) Which of the following is a possible value of y when x = 2 if (3x2 + 2xy)y’ = x? + 6xy + 3y?

and (1,2) is a point on the graph of the curve defined by this differential equation?
(a) —-3++93 (b)  3++93 (c) —34++/97
(d  3+V97 (e)  NOTA
(15) If xy’ — 5x%y + 3yIn(y) = 0,y > 0,and y(1) = e?, find y G)
(a) e27/4 (b) 029/4 (c) e31/4
(d) e33/4 (e) NOTA
(16) Which of the following is a solution to the following exact differential equation
<2xy3 arctan(xy) + %) + <3x2y2 arctan(xy) + %) Z—i =0
if (1,1) is a point on the graph of the curve defined by this differential equation?

(a) x3y? arctan(xy) = (b) x2y? arctan(xy) =

(d) x3y3arctan(xy) = (e) NOTA

NERSE
SNIERNES

(c) x2y3arctan(xy) =
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(17) Which of the following is a solution to the following differential equation

d
(2x+2y+1)+(3x+3y+1)£=0

if y(0) = 1?
(a) In(x+y)+2x+3y=3 (b) In(x+y)+3x+3y=3
(c) In(x+y)+3x+2y=2 (d) In(x+y)+2x+2y=2 (e) NOTA

(18) What is the general form of the solutionto y"' — y' — 12y = 0? Assume y is a function of x.

(a) y = Cie?* + C,e™®* (b) y = Cie ™ + C,e3*
(c) = C,e*™ + C,e 3% (d) = C,e % + C,e% (e) NOTA
y y

(19) What is the general form of the solution to y"" + 4y’ + 13y = 0? Assume y is a function of x.

(a) y = Ce"#* sin(6x) + C,e % cos(6x)
(b)  y = Ce**sin(6x) + C,e%* cos(6x)
(c) y = C1€_5x + Cye*

(d)  y=Ce®+Ce™

(e) NOTA

(20) What is the general form of the solution to y'"" + 3y’ 4+ 3y’ + y = 0? Assume y is a function
of x.

(a) y=Cie™ + Cyxe™ + C3x%e™*
(b) y = Cie* + Cyxe™ + Cyx%e*

(c) y = Cixe ™™ + Cyx?e™ + Cyx3e™
(d) y = Cixe* + Cyx%e* + C3x3e*
(e)  NOTA

(21) What is the general form of the solution to 4x2y" — 4xy’ + 3y = 0? Assume y is a function of

X.
X 3 _x _3x
(a) y = Clez + CZe 2 (b) y = Cle 2+ Cze 2
(©  y=Cx+GVx® @ y= Z+= ()  NOTA
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(22) What is the general form of the solution to x2y"’ + 5xy’ + 4y = 0? Assume y is a function of
X.
C; | Gl
(a) y = C1x% + C,x%In(x) (b) y=5+ %Z(x)
(c) y = C1e?* + C,xe?* (d) y = Cie” % + Cyxe™* (e) NOTA

(23) Which of the following is not a possible value of A which satisfies the boundary value problem
below for non-trivial y?
x2y" +xy'+ 2y =0;y(1) = y(e) =0
(a) 2 (b) 4r? (c) 8m?

(d) 1612 (e) NOTA

(24) Given that y = x is a solution to (x? — 1)y" + xy’ — y = 0, find the solution to this
differential equation if y(\/f) = 0 and y’(\/f) =1.

i

— 2 _1_ % _ Vx?- _x
(a) y=vxt-1-= (b) y=— 5
(c) y = Zx:_z — % (d) y=v2x2-2—x (e) NOTA

(25) Let f(x) be a continuous, differentiable function satisfying
X
2 , 2
(Fx0)) = f(f(t) +£'(1))"dt + 2022(1 — x)
0

Which of the following is a possible value of f (g) ?

@ (0 222 M
(d) —Vz‘zm (e)  NOTA

(26) Let y,, be the particular solution to the non-homogenous differential equation

y"" + 4y’ = 8sec(2x)
Find y, (7).

(a) -2 (b) 21 (c) -7

(d) s (e) NOTA
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[ 0 ln(Z)]
(27) Which of the following is equivalent to 4elln2) 0 1?
-5 -3 5 3 5 -3
ORI CR - © [ 7
-5 3
(d) [3 _5] (e) NOTA

(28) What is the radius of convergence of the Maclaurin series of the general solution to the

differential equation (x? — 6x + 25)y" + tan (ﬁ) y —y=0?
@ o (b)  101lm () 20227
(d) 5 (e) NOTA

Remaining questions are on the next page.
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For the last two questions on this test, you are expected to use the important Differential Equations
concept of the Laplace Transform: L{f(t)} = fooo e SUf(t)dt = F(s). The below table of Laplace

Transforms may be helpful:

f@® L{f(t)};s>0
n-1
fF™@ STF(s) — » svikFR(0)
t 1
f fw)du —F(s)
0 s
ef(t);a€R F(s—a);s>a
u(t—a)f(t—a)={?(t_a):§;Z;aE]R+ e"¥F(s)
t
F© 9 = [ Fag - wdu F($)G(s)
0

t"f(t);n€EZ

(—D"F®(s)

@ f F(v)dv
t s
n!

(29) Find f(6) if f'(t) —u(t — 1)f'(t—1) =1and f(0) = 0.
Hint: Consider L{1 + [[t]}, where [t] is the greatest integer less than or equal to t.

(a) 6 (b) 7
(d) 21 (e)

(30) Find £(3) if
t

NOTA

(c)

15

t

4w £ 16— wdu =3 [ u- £ £ - wd

0
and f(0) = f'(0) =0and f(1) = 1.
(a) 3 (b) 9

(d) 81 (e)

NOTA

()
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