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SOLUTIONS :

1. The expression within the brackets is a constant (e ™27

constant is 0. E.

specifically), and the derivative of a

2. We will use Pappus’s Theorem in reverse. For rotation about the x axis: V = 2ndA - 4 =
2nda —» d = % and therefore q is % For rotation about the y axis: V = 2ndA - 8 = 2nda —» d =

4 : : L4 4 L
—. Although the distance from the centroid to the x axis is —pis—— because the region lies fully
4

in the second quadrant.g = @ =-2.A

Ta

3. Let O be the center of both circles, A be the point Andy occupies, and B be the point Buffy
occupies. Let 8 be the smaller angle formed by rays 04 and 0B. By the Law of Cosines, AB? = 52 +

82-2-5- 8 cos(0) = 119 — 80cos(0). Differentiating with respect to time gives 2AB ——= d(AB)
8051n(9) E' Since Andy and Buffy are both moving around their circles at a constant 2 radlans
per minute, it follows that ﬁ = 4 radians per minute. Since AB = 7 and it’s not hard to find that

when AB = 7,60 = 60°. ThlS means 14 ——= d( B) = 40+/3 - 4, d(AtB) 807:/_ units per minute. B.

4. f is continuous at x = 0 because 1 = f(0) = l m g is not continuous at 0 because the limit

from the leftis —1, but g(0) = 1. his dlscontlnuous for the same reason; the limit from the leftis 1
but h(0) = 0. Only f is continuous, so the answer is 1. B.

5. First of all, h(x) = x because f(x) and g(x) are inverses. Therefore, j(x) = ? We are looking

for j'(x) atx = 10:'(x) = Lo (x)][(;g)a]ggr(x)]. Now we will find the numbers to substitute in.
2)(1)-(10) (=

91010 =y 4y sy =2.9'10) ==L = L= L i) = 200 - L

Fiig(o) — fr2)  3()2+1 13 2)2 13

C.

2

51 s o
6. %ff (1) = (rp)?dY = %fz‘* nd9 = §0|E4 == D.
4 z n

7. These curves intersect when 2x3 —4x? —x +5=x3+2x> —6x—7 > x> —6x*+5x+ 12 =
0 - x = —1, 3, 4. Since there are two enclosed areas and which functions are on the “top” and

“bottom” flips between them, we must break up our integral. f_31x3 —6x2+5x+12dx —
[ix—6x*+5x+12dx = |2 —(-2)|-[24-Z| =3275.D
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8. The rubber bands are straight line segments. Therefore, to make a smooth curve such as a circle,
we will need infinitely many (n = o) rubber bands to cut each other off into infinitesimally shorts
segments to form the circumference of the circle. Since these infinitesimally shorts segments are
really just points, the rubber bands are tangent to the circle at these points (which are also their
midpoints). They are line segments, not lines, because they have finite length. The derivative of the
circle at the point of tangency is represented by the “slope” of the rubber band, not by the rubber
band itself. A.

9. We have from Question #8 that n = oo. Let’s call the angle formed by Nail k, the center of the
board, and Nail [(k + f)mod n] (with the center of the board being the vertex of the angle) angle
6. If we can find the ratio %, we can set it equal to the ratio of the number of nails between and
including one of Nail k and Nail [(k + f)mod n] (which is f) to the total number of nails (which is
n). In other words, % = % - f= z_Z' Since any given rubber bands we want to place is tangent to
the inner circle, we can draw a right triangle with hypotenuse length R, a leg of length r, and an
angle between them of g. Therefore,g = cos_l(g) -0=2 cos_l(g). By substitution, f =

2cos”E)n  ncosi@) ) . .
R = — B The negation of this would also work for f because the labeling of the two

2
nails in any appropriate pair is arbitrary. D.

10. We will examine a line that is tangent to f(x) at the x = ¢ for some constant c in the domain

(0 < ¢ < s). The tangent line passes through the point (c, f(c)) and has slope f’'(c). Thus, the line
can be writtenas y — f(¢) = f'(¢)(x — ¢). Our situation also tells us that the non-zero coordinates
of the x and y-intercepts of our line sum to s. This is because the nails joined by the rubber band
that is a segment of the tangent line are the points of interception, and their transformation is

equivalent to the aforementioned property. We can now combine our lines of reasoning. The x-
fle)

(o)
lineis - cf'(c) + f(c). Therefore, their sum is -

coordinate of the x-intercept of our line is - + ¢, and the y-coordinate of the y-intercept of our

f(c)
f'
as f(c) ( 0 )) + c(l - ’(c)). Remember that this value is equal to s, so for any c in the

+ c-cf'(c) + f(c), which can also be written

domain, 1nclud1ng > the answer is s. C.

ar ay _ d19 2= sin(9)+rcos(8) _ [-4sin(29)]sin(¥)+rcos(6)
11. as 451n(219)' dx ﬁ(:05(19) rsin(8) [—4sin(219)] cos(9)-rsin(0) -
[—4sin(§)]sin(g)+[2cos (g)]cos(%) [ 4(—)] +[2( )]( %) —\/§+‘/2—§ _ —2V3+V3 i _ V3 D
-asin(Z)icos(Z)-lzcos Qsin@)  [-aBjD-pd -3 et 77

12. The volumes of each step can each be derived by drawing pictures and using optimization.

15
However, they are fairly common and can be memorized: (1) (28—7) (2) (24—7) (3)(\/5) =27%372 -
ad+bc—(2)( )+(3)( 4) = 15— 12 = 3.A.
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13. We'll call w the amount of time in minutes that Kira spends writing and s her score. s = w *

60—w 60—w 60—W 60—w
275 —5s' =(w) [(— —) In(2) 2 ] s (1)=2"5 [1—-w (lnéz))]. Setting this equal to 0, we
find that a minimum occurs atw = L, where the derivative changes from positive to negative. B.

In(2)
— 2x _p2X
14. Rewrite xCOt};(:) . xex;;fx_exzﬂ and let f(x) = xe® + x — e** 4+ 1and g(x) = x?e** — x2.
Then f'(x) = 2xe?* —e** + 1, f"(x) = 4xe?*,and f""'(x) = 8xe?* + 4e**. More computation
gives g'(x) = 2x?%e?* + 2xe2x 2x,9"(x) = 4x2 2X + 8xe?* + 2e** — 2,and g""(x) = 8x2%e?* +
24xe?* + 12e2*.Since 0 = f(0) = f'(0) = f""(0) = g(0) = g'(0) = g"(0), by L’'Hopital we have
@ . TG 41

lim ——= = .
x=09(®) x>09"'(x) 12 3

15. The other statements would be correct it they said: A) f (x) represents the larger radius of the
washer. B) g(x) represents the smaller radius of the washer. C) r is part of an expression to
represent area(/area of the base) of each washer. D.

16. The other statements would be correct it they said: A) x represents the radius of the each
cylindrical shell. B) f(x) represents the height of each cylindrical shell . C) 2r is part of an
expression to represent the circumferece of each cylindrical shell. D) a and b represent the radii of
the smallest and largest radii of the cylindrical shells, respectively. E.

17.1is equal to zero because arctan is bounded above by g while In(x) is unbounded. Il is equal to

1 because lim (1 + e™) = 1.1ll is equal to In(2) after noticing that it is equivalent to lir(lgl+ 2’;_—1 and
X—00 x—

applying L’Hopital. The expression in IV is unbounded by L’Hopital. Thus the answer is Il and III

only. C.

18. These terms can each be memorized, or they can be derived by drawing a right triangle with
legs t opposite of and 1 adjacent to an angle of measure g Then, you can use double angle

_42
formulas and the picture to find that cos(x) = ;Zz

_t+2
differentiate x = 2arctan(t) with respect to t: dx = > . Fi : tz +
Ta T 1 1+t
2t 2 -t2+42t+3
1462 1+t2 14t2
19. Differentiating both sides of the equation gives: f'(d) = 5 (2) % * % *— After 3 seconds,
)
Alice’s finger is at position d = 3 seconds * 2 Sl:zozz = 6 inches. So, we want f'(2), and we have
dd C e . . : o
d=6 and — =2 because Ahce s finger is moving closer to the bridge. Plugging in our values

yields: f* <2)—m ©* 5 (D) = D.
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1 x~@

x+x¢ x—a

20. If we multiply the top and bottom of our integrand by x~¢, we get: [

x1-a4+1

ﬁln(lxl‘a + 1|) + C. We can omit the absolute value bars because the quantity within them is

f X%  substitute u = x1~% + 1,du=(1-a)x %dx > rlaf%du = 1Tlaln(lul) +C =
positive for all x in our positive domain. rlaln(xl‘a +1)+C.m—-2n—-3p=>1A—-a)—
2(1—a)—-3(1)=a—4.C.

21. The volume is composed of three parts: 1 sphere of radius 3 (V = 36mn), n “half-cylinders” of
radius 3 and length 10 (V = 45nn), and 1 prism of base area i * 1 x 102 * cot (g) and height 2 * 3

- - ncscz(z)
V= 150nc0t(;)).f(n) = 36m + 45mn + 150ncot (;) - f'(n) = 45m + 150 —+

2
cot (g)) ~ f(6) = 457 + 150 (%(6) + cot (g)) = 457 + 1007 + 150v3. 145 + 150 + 3 =

298. A.
22.
x 1 3 2
2
fx) 4 15 15
2
dy 7 15
dx
dy, which is Z—Z * 7 1_5
2-1 2 2
2
folsii—fdt =["3+ ——dt = 3t +In(t + 1) |}* = 45 + 4In(2). C.
23. What each test can prove:
Convergence Divergence
Nth Term Test 0 1
Integral Test 1 1
P Series Test 1 1
Direct Comparison Test 1 1
Limit Comparison Test 1 1
Alternating Series Theorem | 1 0
Ratio test 1 1
n==~6 m==6

. . . x x%  x3  x* x5  «x© 6—3 3
6th degree Taylor polynomial fore*:e* 1+ x+—+—+—+—=—+—=-¢e° " =€e>=1+3 +
20 31 4 51 el
2 3 4 5 6
(3) n (3) n (3) n (3) n (3)° _ 1553

= . B.
2! 3! 4! 5! 6! 80
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24. First we will combine the restriction with the point (0,1). The maximum value we could
achieve at x = 2 would be when f'(t) = 4t atall times. 1 + f02 4tdt = 9. The minimum value we
could achieve at x = 2 would be when f'(t) = —4t atall times. 1 + foz —4tdt = —7. Next we will
combine the restriction with the point (3,14). The maximum value we could achieve at x = 2
would be when f'(t) = —4t at all times. 14 + f32 —4tdt = 24. The minimum value we could
achieve at x = 2 would be when f'(t) = 4t at all times. 14 + f: 4tdt = 4. Since we must be able to
“get to” our point from both sides, we need the intersection of [—7, 9] and [4,24], which is [4,9].

9 1 9 1 . 3 1
f4 2374+ ax dx = f“ (2Vx)(2—-2vx+x )dx ~ substitute u = \/}' du = ?dx f u2—2u+2 du =
f23 —(u—11)2+1 du — substitutew =u —1,dw = du — f —dw = arctan(w)|? = arctan(2) — = C

25. While this volume could be found using integration, we can also use ratios. If the cross sections
2

were semicircular (each having an area of ﬂ where x equals half the length of the relevant

chord), the volume would be = n(43) = —Z However, each cross section has an area of 3(—)

/3
3 _
Therefore, the volume is: % * (,f) = 64v3.M = 256 + 33 — 1 = 288.

2

4
O+f0xt3+2t—4dt—f2xldt=62 —>%+x2—4x—x+2=62—>x=4.B.

845

26t—5x+— dt =5— . A,

45 ] .. 5)2(3(10)-5 625
- relative minimumat x = 5.V = n(5)7 (105 _ 6251
(3+2 )2 3 3

27. Using Pappus’s Theorem: Vjy, = 2nrA = 21 (2 + ( ) ) [( ) (1)(2)] tom

Veone = gh (n(\/fh)z) = ﬁ . When the volume is 2Z, h = 2. dV,,,,, = Adh - 16w = n(Z\/f)zdh.
dh = 2. A.

2
28.[ sec(x)dx = [ sec(x)* % =[] = sz:;:tg;)(;n(x) dx — substitute u =
sec(x) + tan(x), du = (sec(x) tan(x) + sec?(x))dx — f;du = Inlu| + C = In|sec(x) + tan(x)| +
C.

For the second part we will use integration by parts (a variant on product rule) with u = sec(x)
and dv = sec?(x)dx. Therefore, du = sec(x)tan(x) and v = tan(x).

[ sec3(x)dx =sec(x) tan(x) — [ sec(x)tan?(x)dx. We will rewrite the second integral using a trig
identity. [ sec®(x)dx =sec(x) tan(x) — [ sec(x)(sec?(x) — 1)dx = sec(x) tan(x) —

[ sec3(x) — sec (x)dx. We can add [ sec®(x)dx to both sides. 2 [ sec3(x)dx = sec(x) tan(x) +

[ sec (x)dx = sec(x) tan(x) + In|sec(x) + tan(x)| + C (see part A). Therefore, the answer to this

sec(x)tan(x) , In|sec(x)+tan(x)|

partis > + > +C.
sec(x) tan(x)+3In|sec(x)+tan(x)|
2 .
.. . . n et 1y . noen 1yl o . 1
29. This is a Riemann sum: lim Y7-o( [+ ) = lim X (—+-) = [ e+ ldx =e* +x|j =e.
n—oo n n n—oo n n 0

L2+h_L2

+ C.B.

Final answer:

. d .
lim = —e* at x = 2, which is e?. E.
h—0 h dx
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30. The answers are “MacLaurin” and “absolutely,” soa = 9and b = 10.2ab = 22 x 32 x5 -
(3)(3)(2) = 18 factors. D.



