Functions Mu Alpha Theta National Convention 2021

1) Let f(2x — 1) = 152. What is the value of f(15)?

Solution

[B] Atz =8, 2z —1=15,50 f(15) = 15-8 =[120].

2) Let f(z,y) = 2> + y*. What is the value of f(v/5 — 1,v/5 + 1)?

Solution
@l, Plugging in both values gives 6 — 2v/5 + 6 4 2v/5 = .

3) The function f(x) achieves its unique maximum value at (a, b), for a and b real numbers.
At what point does the function f(3x) achieve its unique maximum value?

Solution
. Note that this transformation simply compresses the function f(x) by a factor of 3. The

z-coordinate of the max becomes £ and the value of the max does not change.

4) The function f(x) = 32? — 122 + 1 is the function g(z) = 3z? translated m units down
and n units to the right on the Cartesian plane. What is the value of m 4+ n?

Solution
@l. We can complete the square to get f(x) = 3(z — 2)? — 11. We must shift by 11 units
up and 2 units to the left, as g(z — 2) + 11 = f(z), so m +n =[13]

5) The quadratic function f(x) = 52® + nz + 13 (n a real number) can be factored as a
product of two linear factors

f(x) = (Ax + B)(Cx + D)
for positive integers A, B, C, D. What is the minimum possible value of A + B + C' + D?

Solution
@l. Note that because A, B, C, D are restricted to positive integers, A+ C =5+ 1 =6 and
B+ D =13+1 = 14 because 5 and 13 are prime, so A+ B + C + D is always equal to .

6) What is minimum value that the function f(x) = 4 — 2°%3 reaches on its domain (all
reals)?



Functions Mu Alpha Theta National Convention 2021

Solution

[A]. Note that 4° = 22 and 23 = 8 .27, This is a quadratic in 2%, so we will complete
the square to get f(x) = (2% — 4)? — 16. The minimum occurs when the squared term is
minimized, which is at x = 2. Thus the minimum value is .

7) The distance between the Cartesian points (6, m) and (m + 5, 2) for some real number m
is 5. What is sum of all possible values of m?

Solution
. Using the formula for Cartesian distance, we get that (if d is distance)

P=m—-12+2-m)> = 25=2m>—6m+5 = 2m* —6m —20=0

From this, we get that the sum of the values of m (by factoring and solving or Vieta’s) is

[3].

8) The region R in the Cartesian Plane is bounded above by f(z) = x — 4 and below by the
arc in the fourth quadrant of 22 + 3% = 16. What is the area of R?

Solution
. After drawing the picture, the region being described is a quarter circle with the

boundary right triangle removed. This has area 14%r — 142 = .

1
9) Let f(x) = ———. For how many real values of a does the horizontal line y = a intersect
2?41

f(z) exactly once?

Solution

. If we draw a rough sketch of f(x), we see that it is an even function with a peak at
(0,1) and asymptotically approaches 0 as points get further from the center. The only point
where a horizontal line can intersect exactly once is at the peak, so there is only |1 | point.

10) Let I; be the range of real values that k; can take on so that the function f(x) =
2% — k1x + 1 has no real roots and let I, be the range of real values that ks can take on so
that the function g(z) = 2 — kyx — 4 has no real roots. What is I; U I5?

Solution
. Using the discriminant of f(x) and finding when it is less than 0, we see that it is when

<4 = 2<k<?2
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On g(z), we quickly discover that g(z) will always have a positive discriminant and therefore

two positive roots. Thus, the union of these intervals is all real numbers | (—o0, 00) |.

11) Let r(s) be a function that gives the inradius of an equilateral triangle with side length
15
s. Compute the value of M
r(5)
Solution
. The inradius can be shown to vary directly with the side length of the triangle, so the

answer is % = .

12) A linear function is a function f(x) satisfying

flax +by) = af(x) +bf(y)

for all real numbers a, b, z,y. Which of the following is an example of a linear function?

Solution

. While it may seem that A is linear since it is the graph of a line, a linear function can
be shown to always pass through the origin (check f(0x + 0y)) so A is not linear, but affine.
The rest can be shown easily to be nonlinear.

13) Let S = {1,2,3,4}. Define f by f : S — S such that f is one-to-one and maps even
integers in S to odd integers in S. How many functions f exist?

Solution

. If f is one-to-one and maps even integers to even integers, then 2 must map to either
2 or 4 and 4 must map to the even integer 2 did not map to. There are 2 ways for this to
happen. Additionally, since f is one-to-one, 1 must now map to either 1 or 3 and 3 must
map to the integer that 1 did not map to. There are two ways to do this, so the total number
of functions fis 2-2 = .

For questions 14 — 16, let f(x) = 423 — 22% — 1.
14) How many real roots does f(x) have?

Solution
. Using Descartes’ rule of signs, we can determine that f(x) has exactly 1 positive root
and exactly 0 negative roots. We observe 0 is not a root and see that f(z) has|1|real root.
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To be thorough, we should also check to see if there are any possible triple roots, but observe
once again that f(x) is not a perfect cube.

15) Most cubic functions have no inverse function, and f(z) is no exception. Which of the
following is a necessary and sufficient condition for a function, say g(z), to have an inverse
function g~ (z)?

Solution

. f(x) has an inverse if and only if it passes the horizontal and vertical line tests, or is
one-to-one. It does not need to be monotonic increasing, it must have exactly 1 distinct real
root, and being surjective alone does not guarantee that f(z) is invertible.

16) If f(z) were to have an inverse f~!(z), f~!(x) would be the reflection of f(z) across the
line y = . What is the sum of the = coordinates of the intersection between f(x) and its
reflection across y = 7

Solution
@l. If f(x) intersects its reflection across y = x, it must be when f(x) lies on y = = as well.

fla)=2 = 42 -2 —1=2 = (z—1)(4a®+22+1)=0

which is only satisfied at = 1, so the answer is .

17) If the line f(x) = 3z — 2 intersects the ellipse 3z? + 2y* = 12 at point (a,b) in the first
quadrant, then what is the value of 12a — 4b?

Solution

. Drawing a picture, we can confirm there is an intersection in the first quadrant. Note
that if (a,b) is a point of intersection, it must lie on the line f(z) = 3z — 2, or 3z —y = 2.
Therefore, 3a — b =2 and 12a — 4b = .

18) Let ay, be the kth element of a sequence with first term a;. If
S(n) = n*2"
gives the sum of the first n elements of this sequence, what is the value of a4?

Solution
. We can compute the fourth term by taking the sum of the first four terms S; and
subtracting the sum of the first three terms Ss. This gives 256 — 72 = | 184].



Functions Mu Alpha Theta National Convention 2021

19) Let f(z) be a cubic polynomial satisfying

for all real inputs z. Given that f(x) has a root at x = 3, what is the maximum possible
value of the sum of the remaining two (possibly non-distinct) roots of f(x)?

Solution

. The condition given implies f is an odd function. If f(x) is an odd cubic polynomial,
then it is of the form f(z) = ax® + bz for real numbers a and b, a # 0. Therefore, 0 must be
a root, and because f(3) = 0, f(—3) = 0 also by the odd condition. So the two remaining
roots of f(x) are actually determined and sum to 0 — 3 = .

20) Let f(n) =2n—3 and g(n) = >, f(i). If g(n) is defined for only non-negative integers
n, which of the following is an expression for g(n) written as a polynomial in n?

Solution

. Using the form,

g(n) =) (2i—3) = g(n)=2> i-3(n+1)

=0 =0

Using the sum of consecutive integers, we get that g(n) =n?+n—3n—3 = .

21) Let f(x) = 22 — 4z + 6 and let g(x) be a quadratic function in z that intersects f(z) at
x = 2. If g(x) has a coefficient of —1 on its quadratic term, what is the minimum possible
value of ¢(3)?

Solution
. Given the restriction on the leading term, the quadratic that will minimize g(3) is the
reflection of f(z) across y = 2, which is g(z) = 2 — (z — 2)2. Thus, the minimum value is
2-1=1.

22) If, for a real number a,
a 1
a2+1 3
then compute the sum of all distinct possible values for

a3

ab +1
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Solution
. We can do the following:

a 1 a?+1

_ = e
a?2+1 3 a

1
=3 = a+—-—=3
a

If we do the same for the value we have to compute, we see that we are looking for

1 1 1

@+ (et )@ —1+35)  (a+)((a+3)?=3)

which, if we plug in our value for a + %, is|—|

23) If f(x) = 2®, then which of the following is least in value?

Solution

. First note that A and C are in fact equal and less than 1, since they are both equal to

‘/75. We now need to compare f(5) and f(3). If we take both sides to the sixth power, we
see that | . . .
6 6
V=< N
PG =5 < Q)=

is minimal.

Wl
N

so | f(

24) The equation
(x —6)(z—2)(x+1)(z+5) =60

has four distinct real solutions. If the greatest of these solutions is m and the least of these
solutions is n, then the value m —n = v/k for some integer k. What is the value of k?

Solution

. Note that
(x—6)(x—2)(z+1)(z+5) = (2 —2—30)(2* —2 — 2) = (2* — 2 — 16)* — 196

We can now solve (22 — x — 16)? = 256. We have two cases to consider, but we realize that
since the two cases 22 — 2 = 0 and 22 — 2 — 32 = 0 will have the same sum of roots but
the later has a root greater than 6, both roots will come from that equation. The difference
between the roots of that equation is the value of the square root of the discriminant from
the quadratic formula, so the value of & is 1 — 4(—32) =|129].
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25) Let

i

fa) =)

i=0 j=0

Compute the coefficient of the 2% term of f(x) when expanded completely.

Solution
. Note that the degree of this polynomial is

10
Z@'=55

=1

so in order to get a term of degree 54, we must choose all the highest power component of
each term in the product except for one in which we choose the one with power one less than
the highest. There are 10 possible terms that we can get this from (there is no choice in the
first term which is just 1), so the coefficient is then 10.

26) Let f(z) = (z + 3)°. What is the remainder when f(49) is divided by 1007

Solution

[ D]. Note that f(49) = 526 = (50 4 2)®. When we compute the binomial expansion of this
quantity, we will see that only the 26 contributes to the last two digits. Every other term will
either have at least two powers of 50, or in the case of the second to last term, be divisible
by 100, and thus will contribute 0 to the remainder when divided by 100. Thus, the answer

is .

27) Let f(8z —3) = 16x® — 5z — 3. If
f(z) = az® +b2* + cx +d

for real values a, b, ¢, d, then compute the value of (a + ¢)(b+ d).

Solution
. Note here that f(1) = a+b+c+d and f(—1) = —a + b — c+ d. Now we see that
w =b+d and M = a + c¢. Thus, what we are really looking for is
SO+ =D O - fEY) LA - (=)
2 2 4

We get f(1) = —Z by plugging in « = § and f(—1) = —4 by plugging in = 1. Thus, our
answer is

49
216 [ 15

4 16
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28) Let f(x) = 23 —4x — 1. If the 3 real roots of f are a, b, and ¢, then compute the value of

a b c
a?—4 b2—-4 c2-4

Solution
[C] Note here that, for r a root of f(z), 0 = r* —4r — 1. Since r # 0, we get that 12 —4 = 1
This means that, since a, b, ¢ are roots of f(z),

L B P07+

=a c
a?—4 -4 -4

Using that the sum of the roots squared is equal to the value of the square of the sum of the
roots minus two times the sum of the roots two at a time, this is equal to 0 — 2 - (—4) = 8]

For questions 29 — 30, let f(n) be a function defined on positive integers n such that
f(1) =0, f(p) =1 for all prime numbers p, and

f(mn) =nf(m)+mf(n)
for all positive integers m and n.

29) Compute the value of f(2021).

Solution
. Because 2021 = 43 - 47,

£(2021) = 47f(43) + 43f(47) =

since 43 and 47 are prime.

30) Let
n = 277945762500 = 22335°77

Compute the value of f(n) in terms of n.

Solution

. We will attempt to solve for a general form a number n = p¥t - p,*2 ... .. PP where all
p; are prime and m is a positive integer. Consider the case when, for f(zy) = yf(x)+xf(y),
we let x = p; and y = pﬂl. Using the relation and bases cases, we get that

D1 b1
If (k1 > 2) we do do this once more on f(ﬁ) we get
P1
n n o, N n o, M
plf(Pl) = pi? = f(]?lz) b1 n f(]?lz)
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and on
_ 2
f(n) - D1 +p1 f(p12)

The idea is that we can show by induction that if we do this k; times, we will get that

n

ki-n & n
f(n) = +pf
() p1 ! (P1k1 )
n
so that p;—;. We then can do this for all primes p; in this factorization. If we continue, we
D1
get that
ki-n  ky-n km -1 "k Ny
f(n) = 2 —I—f(l):nZ——i—O:n —
D1 D2 Dm i Pi i1 Di

If we apply this form to the n in our problem we get that this is

2 3 7
24242 )y=13
ERS-



