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Nationals 2015 Alpha Analytic Geometry - SOLUTIONS 

(1) Solution:                                                      .  All of the 

rest have dot product zero. C 

(2) Solution:                                                 

                                                            .  A 

(3) Solution:  The standard form of a polar conic is      
  

         
 where   is the eccentricity and 

  is the distance from the focus at the origin to the directrix.  So      
 

         
 

 

  
 

 
       

   

 

 
        .  D 

(4) Solution:  Via the Shoelace Formula,   
 

 
                               

                               
 

 
           .  A 

(5) Solution:  Two vectors lying in the plane are                             and      

                        .  The normal to the plane can be gotten via the cross product:          

 
    
    
      

                  .  So the equation of the plane is               

                  .  Plugging in         gives               .  B 

(6) Solution:  Via the Cosine Double Angle Formula,                          .  For   

even,              is a Rose with       petals.  E 

(7) Solution:       

 
 
 
 
  

 

 

 

 
 

 
 

 

 
 

 

 

 
  
 
 
 
 

 
 
 
 
       

 
 
 
 
    

 

 
  

 

 
 

 
     

 

 
 

 
  

 

 
    

 
 
 
 

     
 

 
   

 

 
  

 

 
   

    
 

 
  

 

 
  

 

 
                       .  The others don’t work.  D 

(8) Solution:                           and                            so  
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Therefore                   
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Finally                        
 

   

 

   
 

  

  
.  C 

(9) Solution:  The center of the ellipse is at the origin, and the foci are at                  .  

The length of a latus rectum of the ellipse is 
   

 
 

  

 
.  If   is the distance between the vertex and the 

focus/directrix of the parabola, then the length of the latus rectum of the parabola is   .  Since the 

latera recta correspond, this means    
  

 
   

 

  
.  Also since the latera recta correspond, the focus 

of the parabola corresponds to one of the foci of the ellipse.  Finally the directrix of the parabola is a 



distance of    from the focus, so the directrix is    
 

  
 

  

 
 from the center.  See attached picture; 

any other orientation of the parabola will result in a greater or equal distance from the directrix to the 

center.  A 

 

 

(10) Solution:  The determinant of 

 
 
 
 
  

 

 

 

 
 

 
 

 

 
 

 

 

 
  
 
 
 
 

 is zero for a degenerate conic.  For            

      this determinant is  
 

 
 

 
 

 

 
 

 

 

 
 

 
  

 
     

 

 
 

 

 
  .  The others are nonzero.  Alternatively, 

you could notice that                                    is two crossed 

lines.  D 

(11) Solution:  The polar point    
  

 
   is the Cartesian point       
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The distance is therefore 

      
 

 
 

 

  
  

 
 

   

 
 

 

     

 
 

   

 
 

   

 
 

     

 
     

 
 

 

 
 

   

 
      

  
 

  

  
 

    

  
 

 

 
       .  C 

 (12) Solution:  The descriminant                       .  Therefore this conic is an 

ellipse; since there is a nonzero    term it is not a circle.  The eccentricity of an ellipse is between zero 

and one.  B 

 (13)  Solution:          
   

 
 

   

 
        

 

 
    

 

 
.  A 



 (14) Solution:  The three invariants under conic rotation are                 ,        

  , and     .  In this case,                           
 

 
,            , and 

      .  Therefore 
          

   
  

 

 

 
 

 

  
.  C 

 (15) Solution:                                                  

                  .  D 

 (16) Solution:  The directional vector of the line is                            .  Therefore the 

parametric equations for the line are                             .  When    , 

            and       .  So the answer is -9.  E 

 (17) Solution:  All that is necessary is to find the sine of the angle between the normal vector to the 

horizontal plane            and the normal vector to the cutting plane               .  We know that 

                                  
   

       
 

   

 
           

  

  
  

 

  
 

   

 
   

      

      
 

   

 

  

 

 
 

 
.  A 

 (18) Solution:  The asymptotes will have slope of  
 

 
 and go through the center      .  This leads to 

the linear equation    
 

 
             .  Since all of the answers are in polar form, using 

          and           gives                         
  

               
.  Only B 

corresponds to this. 

(19) Solution:  The eccentricity is the ratio of the distance from the vertex to the focus to the 

distance from the vertex to the directrix.  Therefore the vertex will be 
 

 
 the distance from the 

focus to the directrix.  The equation of the line coincident with the major axis is   
 

 
  since it 

must go through the focus and be perpendicular to the directrix.  This line intersects the 

directrix when       
 

 
    

 

 
   

 

 
. The point  

 

 
 the distance from the origin to 
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 .  D 

 (20) Solution:  The volume is the triple scalar product                              
   
   
   

  

               .  C 

 (21) Solution:  Eliminating the parameter gives                      
   

 
 

 

  
   

 
 

 

.  This is 

an ellipse with semi-axes 5 and 7, so the area is    . D 

 (22) Solution:  
        

   
 

             

   
      

 

   
.  So       .  B 



 (23) Solution:                                   via sum-to-product.  The period of the 

product of periodic functions is the maximal individual period, which in this case is   .  A 

 (24) Solution:                  
 
      

 
  .  B 

 (25) Solution:  
               

         
  

                          

            
 

  

   
 

     

  
.  A 

 (26) Solution:  The graph will have a vertical asymptote when             .  

      
      

         and        
      

          so it has two horizontal asymptotes. C 

 (27) Solution: This is the equation of a circle with diameter 2.  So the area is  .  B 

 (28) Solution:  We will call the point on the rectangle that lies on the hypotenuse of the triangle 

     .  Clearly the hypotenuse corresponds to the line    
 

 
    and the area of the 

inscribed rectangle is     .  Therefore      
 

 
      

 

 
     .  This is a downward 

opening parabola, which is maximal at its vertex, which always occurs at    
 

  
  

 

  
 

 

 

 

 
     

 

 

 

 
   

 

 
   

  

 
.  D  

 (29) Solution:  This problem describes an ellipse with focus at      , directrix at the x-axis, and 

eccentricity   
 

 
, and is asking for the second focus.  Since the eccentricity is the ratio of the 

distance from the vertex to the focus to the distance from the vertex to the directrix, this puts 

the vertex at    
 

 
  .  This means that     

 

 
.  Since   

 

 
 

 

 
 also, we get       .  

Solving the system, we get   
 

 
.  This puts the second focus at        

 

 
     

  

 
  .  C 

 (30) Solution:  These points all lie on a circle of radius  
 

      , and the polygon almost coincides 

completely with this circle because there are so many points.  So the area will be very close to 

that of the unit circle,  .  C 

 

 


