Mu Multivariable Calculus MAO National Convention 2017
For each question, “E) NOTA” indicates that none of the above answers is correct.

The phrase “DNE” is to be interpreted as “Does not exist.”

1. Find every point on the surface of the ellipsoid x2 + 4y2 + 9z2 = 16 at which the normal
line at the point passes through the center (0,0,0) of the ellipsoid. How many such points exist?

A) No Points B)1 C) 2 D) 4 E) NOTA

2. Find the volume of the region bounded by the paraboloid z = 9 — x? — y?, the xy-plane, and
inside the cylinder x? + y? = 4.

A) 0 B) 207 C) 287 D) 327 E) NOTA

2

x/zf(x, y)dydx can be expressed as a new integral with the order of

3. The double integral f:

integration reversed. This double integral is of the form ff fCDyf(x, y)dxdy. Whatis A + B +
C+D?

A)2 B) 4 C)6 D)8 E) NOTA

4. Evaluate the following limit:

. x4-_|_y4
S 3
Y a2 4 y2y2
A) DNE B) —1 C)0 D)1 E) NOTA

5. A multiple integral that gives the volume of the solid bounded by the surface with spherical

equation p = 1 — cos ¢ is of the form fFG f; fff(x)+cp2 sin ¢dpdpdh. What is the closest

integertothesumA+B+C+D+E+F+G? Assume0 <0 <mand0 < ¢ < 2m.
A)5 B)6 Q)7 D)8 E) NOTA

6. Consider the following function of two variables: f(x,y) = 5x2e”,/10x2y3 + 1 + 5xye*.
2 2
Evaluate the following expression: (fxy(0,0)) -2 (fxy(0,0)) (fyx(0,0)) + (fyx(0,0)) .

A) 0O B) 1 C) 12 D) 25 E) NOTA
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7. Consider the three dimensional surface z = x% + 2xy + 2y? — 6x + 8y. There is only one

point on the surface such that the tangent plane is horizontal. Find the sum of the xand y
coordinates of such a point.

A) -3 B) 3 C)5 D) 10 E) NOTA

8. Suppose that a drone is free to move in three dimensional space. This drone is designed so
that it is most effective at higher temperatures. Suppose that it is known that the temperature
at a given point (x, y, ) is given by the temperature function T(x,y,z) = 92 + xyz. Given this
function and that the drone is at the point (3,4,1), there is a particular direction that the drone
should fly to be most effective (express this direction as a three dimensional vector). What is
the sum of the coordinates of this unit vector?

A) 3/13 B) 12/13 ) 19/13 D) 2 E) NOTA

9. Given the following information, find a vector ¥ such that the following are satisfied. What is
the sum of the absolute value of the coordinates?

-

e U X<321>=<11-5>

-

e ¥V X<232>=<3-20>

o |I7l] =v14
A) 4 B)6 )8 D)9 E) NOTA

10. Suppose f is a function of x, y and z, with x = u?+v,y=u+v?andz =uv. In

addition, this function has additional properties such that g—i =2at(u,v) = (0,1) and % =5

at (x,v,z) = (1,1,0). What is the value ofj—i at (x,y,z) = (1,1,0)?

A) =3 B) -2 C)2/5 D)3 E) NOTA
For questions 11 and 12 refer to the following information:

Let D be a solid described in the spherical coordinates by the inequalities
secp < p<2cos¢p
11. Atriple integral formula to calculate fffD dV in spherical coordinates is of the form:
F D Bh(®)
p?sin ¢ dpdpdb

E C Ag(¢)
A+ B+ C+ D+ E + F is closest to which integer? Assume 0 < 68 <mand 0 < ¢ < 2m.

A)8 B)10 )15 D)18 E) NOTA
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12. Rewrite the triple integral formula with respect to Cartesian coordinates. This formula

takes the form: fBC f,{(%)

attained by f(x) + g(x,y) + h(x) + A+ B+ C?

ff(x’y) dzdydx. What is the z-coordinate of the maximum value

A) 2 B)5 C)9 D) 13 E) NOTA

13. Suppose there is an inward oriented surface S that takes the shape of a left handed glove
with the fingers pointing up, the thumb pointing in the direction of the x-axis, and the opening
at the wrist is the curve in the xy-plane with equation 4x? + 9y? = 36. Compute the flux of
the vector field through the surface of the glove.

ﬁ(x,y,z) =<y?z—z%4—xy,3+xz>
A) —187 B) —3m C) -3 D)0 E) NOTA

14. Find the angle 8 between the planes with equations.
2x+3y—z=-3and4x+5y+z=1

A)cos™1(V3) B)O C)cos™Y(5V3) D)m/4 E) NOTA

15. Compute the line integral below:

f7ydx + 3xdy
c

Where C is the closed path that consists from the line segment from (0,0) to (1,2) followed by
the line segment from (1,2) to (2,0) followed by the line segment from (2,0) to (0,0).

A) —8 B)—5 C)5 D)8 E) NOTA

16. The following function of two variables has how many saddle points?
floy) =x*+y*—4xy

A)0O B)1 C) 2 D)3 E) NOTA

17. Given that F(x,y,2) = (2 + z2)i + (x% + z2)] + (x% + y2)k. Evaluate div F + ||curl F||
at the point (x,y,2z) = (1,1,1).

A) 0 B) 1 C)4 D)6 E) NOTA
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18. Suppose that a circuit contains two resistors with resistances R; and R,, respectively.

When they are connected in parallel, the total resistance R of the resulting circuit obeys the
equation % = Ri + Ri. Suppose that R, and R, are experimentally measured to be 300 and 600
1 2

Q, respectively, with a maximum error of 1% in each measurement. Use differentials to
estimate the maximum error (in ) in the calculated value of the total resistance.

A) No Error B) 2 )2 D)2 E) NOTA
3 3 3

19. Evaluate the following limit:
24,2
x
(xy)—-(0,0) x* 4+ y*4
A) DNE B) -1 )0 D)1 E) NOTA

| f fx,y)dA

where f(x,y) = (x + 1)(2y + 2x — x?) and R is region bounded by the two inequalities
—2<y—-x2<1 1<y+2x<3

20. Evaluate the double integral:

A) —9/2 B) —9 )9 D) 9/2 E) NOTA

21. Let S be the surface of the cylinder formed by the planes z = 0 and z = 3 and the cylinder
x% + y? = 4. Calculate the outward flux

¢=Jjﬁ-ﬁds
S

Given that F = (x2 +y2+2z3)<x,y,z>.
A) =307 B) 30w C) 200m D) 300m E) NOTA
22. Find an equation for the plane through the points (1,3,5),(—1,2,4), and (4,4,0).

A)6x — 13y +z = —28 B)6x + 13y +z =150
C)3x—13y+z=-28 D)6x —134+2z=-3 E) NOTA

23.If f(x,y) is a continuous throughout the rectangularregion R0 <x <2and -1 <y < 1.
Whose theorem guarantees this fact:

2,1 1 .2
[ | rendvax= || ey dudy
0 J-1 -1/0
A) Stokes B) Gauss C) Fubini D) Leibniz E) NOTA
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24. Given that work is defined as follows:

W = jgl?' -Tds
c
Find the work done by the force field F= —yi + xj in moving a particle counterclockwise once
around the unit circle in the xy-plane.
A)O B) C)m/2 D) 2m E) NOTA

25. Find the volume bounded by the paraboloids z = x? + y% and z = 4 — 3x% — 3y?2.
A) 0 B) T C) /2 D) 27 E) NOTA

26. Suppose F(x,y,z) is a smooth, continuous function of three variables for which
VF(1,—1,v2) =< 1,2,—2 >. Evaluate Z—; at the point (p, ¢, 8) = (2,%, —%).

A)—V2 B) —2v2 C)V2 D) 2v2 E) NOTA

27. Evaluate the following double integral:

AL (e —1) B)z(1-e®) Qe -1 D)1—e™® E) NOTA

28. Evaluate the single variable integral:

(o]
A2
Jexdx
0

(HINT: Let X = fooo e™**dx and consider the double integral fooo fooo e ** e v dydx and the

polar coordinate system)

A) 0 B)

~|F

Q) g D)V E) NOTA

29. The equation of the plane containing the point (1,1,1) that also intersects the xy —plane in
the same line as the plane 3x + 2y — z = 6 is in the form Ax + By + Cz = D where A > 0 and
A, B, C, and D are relatively prime integers. WhatisA+ B+ C + D?

A)5 B) 8 C) 12 D) 15 E) NOTA
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30. There is a curve C in xyz-space parameterized by the function ¥(t) =< t? + 1,2t —

3t2,t3 > and starting at t = 0 and finishing at t = 1. Compute the line integral fCF - Tds along

curve C of the vector field ﬁ(x, y,z) =< ye* + z,xe*,x >.

A)e™? B) e™* Ce?2+1 D)e*+1 E) NOTA



