Calculus Hustle Solutions 2016 MA® National Convention

Answers:
1. 1/5 9. 2 or53/18 18.130
18
2. %tan(xz) +C 10. 36 ;8 (2)/3
) .
3. - 61/e 11.2V3/3 21.logy/s 2 or equivalent
4 - 12.-1/2 22.7/2
5. 15/2 12 ig(;f 64In(2) 23.100v2 — 200/3
6. -6 ' 24.m\/3/9
’ 15.1/10
7. 8e 3V3+1
5 2/3 16. (4 — ) /4 25. 2
' 17.61/27
Solutions:
L. lim x cot 5x = lim Z205% — [im 29 = 2(1)(1) = 1/5
x—0 Sin5x x—0 5sinb5x 5

2. [xsec?x?dx = f%sec2 udu = %tan(u) +C = %tan(xz) +C

3. Set the two parts of the function and their derivatives equal. Then solve the system of

equations:e™! =a+ b, —2e” 1—a—>a——— b—;. ab = —6/e?

4. You can use L'Hospital’s rule or rearrange this limit and recognize it as the definition of a

2-In(x+e? 1,. In(e?+x)-In(e? 1
derivative for f(x) = Inx at x = e?: lim 2-in(a+e?) _ ——hmwz —-—
x—0 2x 2 x—0 X 2e

5. [r@x?+Ddx~3(5) (1+2(3) +23) +2(3) +9) =1 (30) = 15/2

6. For odd functions f:f(X)dx =— f_‘baf(x)dx. So f_04f(x)dx - —10. f__ff(x)dx _
f_04f(x)dx — f_Ozf(x)dx =-10—(-4) = -6

o I . dy _d
7. Velocity is the derivative of position: dz dlt/ (d ) = 2tet (t) y'(2) = 8e*.

B () = L0 @) D9 @) proqy L QI Q@@ _6 _ 2

(F)* 32 9 3

9. Y75~ Y81 +Axf'(81) =3 -6 ( = 3-1/18 = 25, or53/54

)
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10. Diagonal = sV3, so%ﬁ: 3 —>§= V3.4 = 652 a%

d
= 12s— = 12V3(V3) = 36

11. The slope between the two points is % =3.f'(x) =3x>—1=3 > x = +2/3/3.The

2
negative solution is out of the range [0, 2], so the answer is 2\/§/3.

12. Look at the ratio of the coefficients which is 1/2. The square root on the top makes the top
value positive, but the bottom value is negative, giving us —1/2.

13.y=x* >y =x2Ilnx - y7'= (x+2xInx) - f'(2) =22°(2+4In2) =32+ 64In2

14. d— = kP(2000 — 5P) = 5900 (1 - M) The population stops increasing ( IZ 0) atP =

400, so this is the carrying capacity of the population. 400

We need to both find f~1(4) and f'(x). 4 = x3 - 3x2+x + 1 >
__tr _1
£ 1(4)) 10

a ,_ 1
15. af 1(4‘) = 1@
fA) =3.£() =322 —6x+ 1 f'(f1(4) = 10. - f1(4) =

16.

17. The first point is at t = 0 and the second is at t = 1. Curve length is given by

fl\/(x’(t))z +(y'(®) de = [ VB2 + (40)%dt = [} tv/9t% + 16dt. Use u-sub of u =
25

9t? +16.— [ Vi du = ()uz1

=61/27

18. Before differentiating, take the natural logarithm of both sides and use log laws:

Iny=2In(x+3)+In(x+1) —2In(x —3) —In(x — 1)

2 L 2 o 26\
x+3+x+1_x—3_x_1>_’f(2)—f(2)(E)—130

y' = y(
19. The curves intersect at x = —1, 0, 1. The first and third quadrant areas are the same, so the
x611 1
)-2() -2

area istl(x—xS)dx (X%
0 2 6
20. You can take the derivative and take the limit, but if you recognize that f(x) approaches
f(x) = easx > <o, then you can conclude that lim f'(x) =0
X—00

21. We get the differential equation % =kA > A= Ce*t. Weknow A4(0) = 10, A(1) = 7.5
which gives us A = 10e("3/9¢ When 4 = 5, we solve to get t = 1083/, 1/2 = logy/3 2
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co a
22. Volume is given byrtf0 (e™)%dx = limm (—le_zx)| =—Zlim(e 2 —1) =m/2
a—>© 2 0 2 g»
23. Take the derivative and set equal to zero: P'(x) = % —1=05x =225 Thisis greater

than the maximum capacity of the shop, so we check end points for the answer: P(0) = 0,
P(200) = 100v2 — 200/3.

24. This question deals with the limit definition of an integral:

n

Y z n 1 I \/§n 1 1 (V3 1 4
m 222 R —ZZ_J 7 4X
noeo Lan +3i2  /3n ni=11+ @ v3J, 1+x

n
1 /3

= — (arctanV3 —arctan 0) = ——

NE 9

25. Split up the integral: F(x) = fcscig;(l —t2)dt = f:inx(l —t2)dt — f:osx(l — t2) dt for
some constant a. Now apply the 2" fundamental theorem of calculus: F'(x) =
E) _ 3V3+1
6/ 8

(1 —sin?x) cosx + (1 — cos? x) sinx = cos3 x + sin3 x. F’ (



