Nationals 2015 Mu Integration — ANSWERS
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Nationals 2015 Mu Integration - SOLUTIONS

(1) Solution: fol e?dx = [e?x]} = e?. C

i (10,3 _[t,a_1.2 v
(2) Solution: [, (2x —x+1)dx—[2x ~x +x]0—1. A

s

(3) Solution: fg cos(3x) dx = Esin(3x)]§ = —i. B

(4) Solution: f_lllxldx = f01 xdx + f_01 —xdx = Exz]: + [—%xz]o_l = G - 0) + (0 - —%) =1.

C

(5) Solution: flsﬁdx = flzx—izdx + fzsx%zdx = lim,[In(|x — 2])]§ + lim_,[In(|x — 2])]3.

Both of these limits diverge, hence so does the integral. E

o) In (2)
(6) Solution: Letu = x> — du = 2xdx - [} @y f;n m%e”du = Eeu]o =1-
~=1p
2 2
4 1
(7) Solution: Let u = x? —2x—3—>du—2(x—1)dx—>f e 3dx—f_3idu=
1 _ _ 2v3
[Elnlul]_3 = Eln(4) —Eln3 = ln(ﬁ) In ( ) A
1 1 2 2 1

_ _ i _ -1 _

(8) Solution: f = 3dx fo e =h o (x+1) dx = 4[lnlx 3| —

In(2)-In(2)-In(3)+In(1) _ _ln 3) C
4 4

In|lx + 1]} =

(9) Solution:

1
1 1 1 1 1 x+1 1 1 1m T
f_1x2+2x+5 dx= [, TDiTa dx = [E arctan (T)]—l = Earctan(l) - Earctan(O) =, =5 A

(10)  Solution: Letu =v1—+vVx » x = (1 —u?)? - dx = —4u(1 —u?)du - fol V1 —+/xdx =

42— wdu =4t LS| =4 2 B
4fu(1 u?)du = 4[u u]0—4 —~ =1 B

(112) Solution: The integral of an odd function on symmetric bounds is zero. D

(12)  Solution: [#sec(x) dx = [In|sec(x) + tan(x)l]g =1In (ﬁ + _\/_\/ZEJ:/\/;)

=In(4-v2++v6) —In(vV2 +V6). A



(13)  Solution: y = x+\x+Vx+ —~oy=Jx+y->y2—y—x=0->y="22 1y
y y y—=yi-y y=—

integrand is positive, so y = —=t % _, foz \/x +Vx+Vx+dx = foz u ;Hx dx = Ex +

E i]z_( 2)121382
12(1+4x)20— I+ 2= 2126 °¢

(14)  Solution: Using Integration by Parts twice, we get: f (x?)(e#dx) = [(xz)( 2")] -
f01 Gez") (2xdx) = Eez - fo (x)(e**dx) = Eez - ([(x) Gezx)]: - f01 Gez") (dx)) = Efo e?*dx =

1
11 1 1
_[_er] =-e?—-C
212 0 4 4

(15)  Solution: Using Integration by Parts twice, we get:

I_f (e=*)(sin(x) dx) = [(e™**)(— cos(x))]F f (= cos(x))(—ae~*dx) =
1-— afo (e=)(cos(x) dx) = 1 — a([(e~**)(sin(x))]g — fo (sin(x))(—ae~**dx)) =1 —

o] — . 1
a? fo (e ™) (sin(x)dx) =1 —-a?l > I = =

(16) Solution: This is just the area of a quarter circle of radius 2. m. C

(17)  Solution: Using the trigonometric substitution x = sec(8) - Vx2 — 1 = tan(9) & dx =
sec(@) tan (9)d9 gives

VZVx2- 2 tan(9)
fl X f‘l' an(e)

sec(@) tan (8)d6 = f;zrtanz(é?) de = fog (sec?(8) —1) dO = [tan(B) — 0]% =
(1—;)—(0—0). B

. n(@) x & ) 1, (@ d _
(18)  Solution: [, "In (xe cex ) dx= [ " e*In(x) + e~ dx = J; E(ex In(x)) dx =

[e* In(0)]"® = 2In(in(2)). B

(19)  Solution: Using Weierstrass substitution, t = tan( ) cos(x) =

1 o 1 _ o 1 _ t °°_ 1m_ V2
fO 3+cos(x) dx = fO 341282 1+t2 wedt= fO 3+3t2+1 t2 dt = fO 242 dt —ﬁ[arctan (\/7)]0 T V22 a4 .

1+t2

A

(20) Solution: The discontinuity as x=1/2 actually causes the integral to diverge. E

H . — a 6 — 2 a — 2 — 3
(21) Solution: 1—_[1;(1)6——;1——54'2—)(1— V2. B

n no_ n 1 _1 _ (21 Y
(22)  Solution: lim,,_, Zk:l(n+k)2 = lim,,_, & Zk=1n (1+E)2 = fl xzdx = [ x]1 = C



(23) Solution: x = —x(x —3) > x?—-2x=0->x=0&2. foz(—x2 +3x —x)dx = [—§x3 +

(24)  Solution: V = nfoz(—xz + 3x)%dx — nfoz(x)zdx = nfoz(x4 — 6x3 4+ 9x%)dx — nfoz(x)zdx =

2 2 -
n[lx5—§x4+3x3] —n[lx3] =7r(2—24+24—§):96 Or=2
5 2 0 37 o 5 3 15 15

m. D

8

o o (2 (a2 oot 2.8 C o (g1 26 =
(25)  Solution: 27Tf0 x(—x +2x)dx—27r[ S+ ]0—211( 4 + 3)—311. C

(26) Solution: These integrals differ only by a constant from those calculated in previous questions.
. .2 4 2
From (25), without the 2, is fo x(f(x) —g) = 5 Since fo (M) () — g(x))dx =

%(foz(f(x))zdx — foz(g(x))zdx), we replace 7 with % in (24) to get %. Finally the denominators are

Zx(F0-g@)dx Jo(F2H) (r()-gpax
Lre-gt)dx " [F(F)-g())dx

the area from (23) foz(f(x) — g(x)) dx = g. So <

(27)  Solution: 10 = f; flo)dx = f: flodx + fbcf(x)dx + fcdf(x)dx = (facf(x)dx -

fbcf(x)dx) + fbcf(x)dx + (fbdf(x)dx — fbcf(x)dx) =7+8-— fbcf(x)dx > fbcf(x)dx =15—
10=5. A

x=ve

2
(28)  Solution: %[f; et3dt]| . 2xe*’ — (:"‘3|x=\/E = 2\Jee®’ —ee'® = 2p€’+05 _ pe® |

(29)  Solution: A =~ %(sin(O) + sin (%) + sin (g) + sin (n) + sin (%ﬂ) + sin (%n)) = %(0 +i4

2
§+1+§+9=Qﬂ@mc
2 2 2 6

1
. 1 2 1 2 1 . . 1
(30)  Solution: fo xWldx = [ﬁx” ] =350 Francisco’s expected number correct is Z;’fﬂn—z =<
0

2 n _ [xIn(x)-x 2 _ In4-1 © In4-1 . .
fl logn+1( \/E) dx = [n~ln(n+1)]1 = TnmD The sum Yo T D diverges, so Ryan is

expected to get infinitely many wrong. Therefore, Francisco is expected to win. B



