Theta Logs, Radicals & Exponents — Solutions MAG® National Convention 2016

Answers:
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Solutions:

1. Bringing the power down in front of the last log will allow us to cancel the coefficients of 2 in

2 —
all terms. Therefore, log, x =log,(1—a)+log,(1+a)—-log, (1—_0] =log, (1-a)(1+a)
a

2

a
=log,a=>x=a.

2
2. (x+y\/§) =(x2 +2y2)+2xy«/5, so based on the answer choices, xy=6. There are only 4

pairs of positive integers that satisfy this equation: (1,6), (2,3), (3,2), and (6,1). The integer

part of the square for each of these is 73, 22, 17, and 38, respectively, so choice D is not
possible.

N Iog3\/243 8133 472

log, 4/64 +Ine ™ 2/

4. 5x(x+1) 52+4+6+ 42X =0. 04—28 _556 =x=7 (smce X > 0)

1 1
5. +
log,36 log,36

=log, 2 +log,;3=log,,6=—=

6. log f +logg =log(1+x+xy +y)=log(1+x)(1+y), and since f was a function of x only,
f=1+x.

I logh Iogé a log(ax) Iogé b logh a “logb
7. (ax)oga _ (bx)og :alog(ax) _ blog(bx) _ blog(ax)b PN (Ej _p%a (_j _ (_j

a

1 1 1
:Iog(ax):—logbzlogz:ax:E:x:g

8. 10~5X=2-5*+1=1+53X:>0=1o(5*)2—5*—3:(5~5*—3)(2-5*+1):>5*=§ (since 5 >0)

Iog5 —Iog53 1
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9. (log, p)2 =log, (pz): 2log,p=>log,p=00r2=p=1or9. Plugging p=1 into the second
equation yields Iog3(1+q) =log,1+log, g =log, g, which is impossible. Plugging p=9 into the

second equation yields log,(9+q)=log,9+log,g=log,(99)=9+g=9g=¢q =§ . Therefore,

a_%_
9

1
p 8
10. Each answer choice, when expanded consists of a leading 1, 2315 Os, and the added digit as
the last digit. Since the divisibility rule for 9 is that the sum of the digits must be a multiple of 9,
the final digit must be one less than a multiple of 9, making C the answer.

11. (5")(12")(15" ) =(5-12-15)" =900" =30"

74
12. x’yz* =7* = x’y =— . Multiplying this new equation together with the other given one

4 9
yields x’y* =x’y-xy’ =—=-7° =—3:>(xyz)3 =Xy’ =7 =xyz=7".
z z

log, 8

13. x=log,; 2" =log, 8-log, 2=

N W

B
00| w

3a-b

4a-3b—c

3c+2b-a 4a-3b—c-3a+b+3c+2b—a 2c

14. X =X =X
X

15. Squaring both sides of the equation yields 4v2 =+/x* +2 + x + /x> +2 —x— 22 = 62

=2Ux*+2=18=x>+2=x==+4. x=4 does work, but x=—4 does not since the left hand side of
the equation in the problem would be negative. Therefore, there is only 1 rational solution.

43x 26x 56x7y 56x7y
16. 128 = = =27 =5x—y=7,and 25= = =5 = 34x -3y =2.

2x+y 2x+y 25y714x 52y728x

Solving this new set of equations yields x=—1andy=-12,s0 xy=12.

17. f(x)=g(x—2)=h(x—2)+3, so fis g shifted two units to the right (choice I) and h shifted

two units to the right and up three units (choice Ill).
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1 1 1
18. n=314(—+—+3—8j=3+34+36 =3+81+729=813

313 310

1
19. Let a:EIogsx, then 5a=log,x = x=5" =x’=5'". So f(a)=5""= f(x)=5

20. 6x=|nﬂ:>x=|n30,solistrue. Further, 1 1+In_10 :1 w :1 Inﬂ ,so0llis
In3 6In3 6 In3 6 In3 6

1
true. Another way to solve the equation is 6x =log,30= x = Elog3 30=1log, /30, but we can

6
raise the base and argument of the logarithm and maintain the same value, so x =Iog36 (6 30)

=log,,, 30, so lll is true.

63 63 In(n+1) In64
21. I 1)= = =log.64=6
[ Tog, (n+1)=[ ") =100 i,

n=2 n=2
22. 7 =2401, so 7 raised to any positive multiple of 4 will also end in 01. Since 2016 is a
positive multiple of 4, 7°°*° ends in 01, and the sum of the digits is 1.

23. Squaring both sides of the equation yields m+n—2+mn = 4(2—\/5) =8—4\/§=8—2\/12 ,

so m+n=8and mn=12=m=6 and n=2 (since m>n must be true); hence, m:%:&
n

24. A is not exponential, and B and D are exponential, but their bases are both greater than 1,
so they represent exponential growth. Cis also exponential, and its base is between 0 and 1, so
choice C represents exponential decay.

25. If it takes them x hours to paint the house, then they will each complete X of the house,
r

where ris the amount of time it would take each to paint the house separately. Therefore,

X

= +
log,e log.e

2

1 1
=x(|n2+zln5j:x(zln20j:>x =2log,,e=log,, e’.

26. The length of the radius is In\/a_3=§lna , and the circumference is In(bz”):ZﬂInb .

3 3 Inb
Therefore, —Ina=Inb=— L =log,b.
2 2 Ina
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27. A one unit increase in x multiplies f(x) by 0.75, resulting in a 25% decrease of that value.

28. Basically we can compare \/5, 3/%, {‘/E, 3/5, and % In order, these numbers are
greater than 4, slightly larger than 3, about 2.5, slightly larger than 2, and less than 2, so Honest
Abe is producing less wood each day than the day before. Therefore, his second largest output
was on Tuesday.

3
29. 30 hours elapsed, and the amount of lawrencium remaining is % :%:(%J of the

original amount. Therefore, the sample went through 3 complete half-lives in that 30 hours,
meaning the half-life of lawrencium is 10 hours.

30. Both graphs are continuous, and based on the shapes of basic logarithmic and exponential

. . ) 1
functions, the graphs cannot intersect more than twice. Further, at x= P the y-values for the

points on the graphs are y=1 and y = 4/5 so the second graph is above the first graph. Then
1
at XZE' the y-values for the points on the graphsare y=2 and y = \/E so the first graph is

above the second graph, meaning there was an intersection point between those x-values.
Finally, at x =4, the y-values for the points on the graphs are y=5 and y =16, so the graphs

have crossed again. Since the two graphs cannot intersect more than twice, but we have
demonstrated at least two intersections, the graphs must intersect exactly twice. By the way,

one of the intersection points is easy to find: (2,4) . The other is more difficult to find.



